Numerical Algorithms (2022) 91:327-351
https://doi.org/10.1007/511075-022-01264-4

ORIGINAL PAPER .

®

Check for
updates

A second-order dynamical system
for equilibrium problems

Le Van Vinh' . Van Nam Tran? - Phan Tu Vuong?

Received: 6 August 2021 / Accepted: 21 January 2022 / Published online: 10 February 2022
© The Author(s), under exclusive licence to Springer Science+Business Media, LLC, part of Springer Nature 2022

Abstract

We consider a second-order dynamical system for solving equilibrium problems
in Hilbert spaces. Under mild conditions, we prove existence and uniqueness of
strong global solution of the proposed dynamical system. We establish the exponen-
tial convergence of trajectories under strong pseudo-monotonicity and Lipschitz-type
conditions. We then investigate a discrete version of the second-order dynamical sys-
tem, which leads to a fixed point-type algorithm with inertial effect and relaxation.
The linear convergence of this algorithm is established under suitable conditions
on parameters. Finally, some numerical experiments are reported confirming the
theoretical results.
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1 Introduction

Let H be a real Hilbert space endowed with an inner product and its induced norm
denoted (-, -) and || - ||, respectively. Let C be a nonempty closed convex subset of H
and let f be a function from H x H to R satisfying for each x € H, f(x,x) = 0and
such that the function f(x, -) is convex and lower semicontinuous. The equilibrium
problem, also known as Ky Fan variational inequality, associated with f in the sense
of [7], is denoted by E P( f, C), and consists in finding a point x* € C such that

f(x*,y)>0 foreveryyeC.

We denote the solution set of E P (f, C) by Sol(f, C).

EP is a general mathematical model which includes, as special cases, the opti-
mization problem, the variational inequality, the saddle point problem, the Nash
equilibrium problem in noncooperative games, the fixed point problem, and oth-
ers; see, for instance, [7, 23, 24] and references quoted therein. For example, when
fx,y) = (F(x),y — x) for all x,y € H, the equilibrium problem EP(f, C)
reduces to the classical variational inequality VI (F, C) which consists in finding a
point x* € C such that

(F(x*),y—x*)>0 foreveryy € C,

where F : H — H is a continuous mapping.

Another important case of EP is the saddle point problem: Given two sets C; C Hj
and C» C H,, where H; and H, are two real Hilbert spaces, a saddle point of a
function G : Hy x Hy — Risany x* = (x{, x) € C; x C3 such that

G(x],y) <G, x3) < G(y1,x3)

holds for any y = (y1, y2) € C1 x C». Finding a saddle point of G amounts to solving
EP(f,C)withC = C; x Cp and

f((x1,x2), 31, ¥2)) = Gy, x2) — G(x1, y2).

A saddle point of G is a Nash equilibrium in a two-person zero-sum game, that is
a noncooperative game where the cost function of the first player is G and the cost
function of the second player is —G (see, e.g., [1, 6]).

In recent years, a large number of applications has been described successfully
via the concept of equilibrium solution and therefore many researchers devoted their
efforts to study EPs. We recommend the readers the excellent monograph [6] for a
comprehensive survey on existence of equilibrium points and solution methods for
finding them.

For solving EPs, many solution methods have been proposed, and most of them are
adapted from solution methods of a particular model of EPs, see, for example, [6, 19,
21-23, 29, 31-33]. Fixed point-type methods are highly recommended because they
are simple in form and useful in practice. Indeed, these methods are extended from
the classical projection method for solving a variational inequality (VI for short) [15].
Mastroeni proved that fixed point methods can efficiently solve the class of strongly
monotone EPs [23]. Later, Muu and Quoc established the linear convergence rate of
these methods [25].
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Recently, first- and second-order dynamical system approaches have been widely
investigated for solving fixed point problems, variational inequalities and monotone
inclusions [2—4, 8,9, 11-13, 16, 27, 28, 34, 35]. As a natural extension, it is interest-
ing to study EPs from a continuous time perspective. The first attempt was recently
studied in [36], where a first-order dynamical system for solving EPs was proposed
and investigated. The key idea is to reformulate the EP as a fixed point problem of
a suitable operator. Then, the solutions set of the EP is approached by considering a
dynamical system associated with the fixed point map, which is similar to the strat-
egy using in [11, 12, 34] for monotone inclusions and variational inequality. Under
strong pseudo-monotonicity and Lipschizt continuity, it was proved that the trajec-
tories generated by the first-order dynamical system converges exponentially to the
unique solution. In addition, a discrete dynamical system was considered leading to
a linear convergent fixed point algorithm for solving EPs.

In this paper, we continue this research direction by considering second-order
dynamical system associated with this fixed point reformulation (see, e.g., [4, 9, 12,
34]), for which we obtain the exponential stability. In addition, we consider a dis-
crete version of the proposed dynamical system, which leads to a fixed point method
with inertial effect and relaxation. We establish the linear convergence of the itera-
tive sequence generated by this algorithm to the unique solution of the equilibrium
problem.

The remaining part of the paper is organized as follows. Section 2 consists of
some preliminaries. In Section 3, we propose the second-order dynamical system and
establish the solution existence and uniqueness of trajectories. Section 4 describes the
global exponential convergence of the proposed dynamical system. A discrete version
dynamical system and its linear convergence are presented in Section 5. Finally, some
numerical experiments are reported in Section 6 to illustrate the obtained theoretical
results.

2 Preliminaries

In this section we recall some well-known definitions useful in the sequel.
Let g : H - R U {400} be a proper, convex and lower semicontinuous function.
We call g subdifferentiable at x if the set

oglx)={ucH: g(y)>gx)+{u,y—x)VyecH}

is nonempty. Then, dg(x) is called the subdifferential of g at x and vector w € dg(x)
is called a subgradient of g at x. The function g is subdifferentiable on C if it is
subdifferentiable at each point of C. Note that if the function g is convex, Isc and
has full domain, then it is continuous on the whole space [5, Corollary 8.30]. In this
case, g is subdifferentiable on H [5, Proposition 16.14]. In addition, let f and g be
proper, convex, Isc functions such that dom f Nint domg # @ or dom(g) = H, here
domf = {x € H, f(x) < +o0o} denotes the domain of f, then d(f + g) = df + dg
[5, Corollary 16.38].
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The normal cone N¢ to C at a point x € C is defined by
Ne(x)={we H:(w,x—y)>0,Vy e C},

and Nc(x) = @ if x ¢ C. The indicator function of C is defined as ic(x) = 0 if
x € C and ic(x) = 400 otherwise. In addition, we have dic(x) = N¢(x) for all
x € H.

For every x € H, the metric projection Pc(x) of x onto C is defined by

Pc(x) =argmin{|ly — x| : y € C}.

Since C is nonempty, closed and convex, Pc (x) exists and is unique. For more details
as well as for unexplained terminologies and notations we refer to [5].

Definition 1 A mapping f : H x H — R s said to be

(a) Strongly monotone with modulus 6 > 0 on C if

FO, )+ fO,x) < =8llx —y|* Vx,y e C;

(b) Strongly pseudo-monotone with modulus § > 0 on C if

fex,y) =0= f(y,x) < =8llx — y|?

forall x,y € C;
(c) Satisfying a Lipschitz-type condition on C if there exists a constant L > 0 such
that

JeN+ .2z fx,2) = Llx=yllly =zl Vx,y,zeC. (1)

The following example provides a class of EPs where the function f is strongly
pseudo-monotone and not strongly monotone on C.

Example 1 Let C C H and
fO,y)=alx,y)glx,y)

where
a(x,y)>a>0 Vx,yeC

and g is strongly monotone on C with modulus § > 0, for instance g(x, y) := (x, y—
x) (hence § = 1). We can verify that f is strongly pseudo-monotone on C. Indeed,
let x, y € C such that f(x, y) > 0, since a(x,y) > o > 0 we have g(x, y) > 0.
By the §-strong monotonicity of g on C we deduce g(y, x) < —8|lx — y||* for every
x,y € C. Hence

FO,x) =a, x)gk,x) < —sa(y, x)|x — ylI> < =dafx — y|?,

i.e., f is strongly pseudo-monotone on C with modulus s« > 0.

Note that, in general f is neither strongly monotone nor monotone. To see this, let
H=R" ax,y)=R—|x|,gx,y)={(x,y—x)and C = {x € H, ||x]| < r} with
R >r > R/2.Choosing x = (R/2,0,0,...),y = (r,0,0...) € C we have

F, Y+ f(,x) = —R/2)?* > 0.
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Remark 1 (i) The implications (a)==(b) is evident. Note also that property (b)

(ii)

guarantees that E P (f, C) cannot have more than one solution. Indeed, it was
proved in [26] that if the function f is strongly pseudo-monotone and contin-
uous then the equilibrium problem E P(f, C) has a unique solution x*. When
EP reduces to VI, i.e., f(x,y) = (F(x),y —x) for all x, y € H, the (general-
ized) monotonicity of function f defined above corresponds to the well-known
(generalized) monotonicity of mapping F (see [20]).

We note that (1) is weaker than the Lipschitz-type condition introduced by
Antipin [1], which can be written as

ILf Ce, )= f e, D=1 @, y)—f@, Il < Llx—ulllly—zll Yu,x,y,z€C.
(2)
Indeed, taking # = y in (2), since f(y, y) = 0, we can deduce

—f, )+ 20— f(r.2) < 1fx,y) — fx,2)+ f(y, 2]

A

< Lllx = ylllly =zl Vx,y,z€C,
which implies (1). On the other hand, (1) implies the Lipschitz-type condition
in the sense of Mastroeni [23]

fon+f,2 2 fo,) —eallx—yI? —ally—zI* Vx,y,zeC,

where c1, ¢> are two given positive constants.

When f(x,y) = (F(x),y —x) forall x,y € H, i.e., EP collapses to a VI
problem, then f satisfies Antipin’s Lipschitz condition (2) on C (and hence
also (1)) if F is Lipschitz continuous on C with a Lipschitz constant L > 0.
Indeed, since F is Lipschitz continuous, using the Cauchy-Schwarz inequality,
we have for all u, x, y, z € C that

ILf G, y) = fO D] = Lf (u, y) = fu, 2] = [(Fx) = F(u),y —2) |
= F(x) = F@)lllly -zl
< Lix —ulllly — zIl.

To establish the main results of the paper, we need to recall the stability concepts
of an equilibrium point of the general dynamical system

x0)=Tx@), t=0 3)

where T is a continuous mapping from H to H and x : [0, 400) — H.

Definition 2 [28]

(a) A pointx* € H is an equilibrium point for (3) if 7'(x*) = 0;

(b)

An equilibrium point x* of (3) is stable if, for any € > 0, there exists r > 0

such that, for every xo € B(x*, r), the solution x (¢) of the dynamical system with
x(0) = xg exists and is contained in B(x*, €) for all t > 0, where B(x*, r) denotes
the open ball with center x* and radius r;
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(c) A stable equilibrium point x* of (3) is asymptotically stable if there exists r > 0
such that, for every solution x (¢) of (3) with x(0) € B(x*, r), one has

lim x(¢) = x™;
t——+00

(d) An equilibrium point x* of (3) is exponentially stable if there exist r > 0
and constants k > 0 and 6 > 0 such that, for every solution x(z) of (3) with
x(0) € B(x*, r), one has

x(t) — x*|| <k [|x(©0) —x*| e Vvt >0. 4

Furthermore, x* is globally exponentially stable if (4) holds true for all solutions
x(t) of (3).

3 A second-order dynamical system

Let o, 8 : [0,400) — [0, +00) be Lebesgue measurable function, A > 0 and
X0, vp € H. In this section we will approach the solution set of EP(f, C) from a
continuous perspective. For every A > 0, we define a function ¢, : H — H by

1
¥ (x) = argmin, e {Af (v, ) + S lly = x|} Vx € H. )

For every x € H and A > 0, since f(x,-) is convex and C is a convex set, the
problem

) 1 2
%@Mﬂmy%+?U—XH} (6)

is a strongly convex problem, hence it has a unique solution. Therefore, the function
Y, is well defined and has single values on H.
Following the works in [4, 8, 12, 34], we consider the following second-order
dynamical system:

X(@t) +a@®x@) + BO)(x @) — ¥u(x(1)) =0,

x(0) = x0.  i(0) = w. %

Definition 3 A function x : [0,b] — H (where b > 0) is said to be absolutely
continuous if one of the following equivalent properties holds:

(i) There exists an integrable function y : [0, b] — H such that

t
x(t) = x(0) +/ y(s)ds V¥t €0, b];
0

(i) x is continuous and its distributional derivative X is Lebesgue integrable on
[0, b].

Before stating the existence and uniqueness of the trajectory of (7), we need to
recall the definition of its strong global solution.
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Definition 4 We say that x : [0, +00) — H is a strong global solution of dynamical
system (7) if the following properties are satisfied:

(1 x,x : [0,400) — H are locally absolutely continuous, in other word,
absolutely continuous on each interval [0, b] for 0 < b < +o00;
) X@) 4+ a@®)x@)+ B(t)(x(t) — Yr(x(¢))) = 0 for almost every ¢ € [0, +00);
(iii) x(0) = x¢ and x(0) = vo.

The following Lemma will be useful in the sequel for convergence analysis
[31, 36]. We provide a simple proof for completeness.

Lemma 1 Forany A > 0 and x € H, setting 7 := Y (x) € C, then it holds
AMfx,y)—f(x,2)={x—2z,y—2z) VyeC. (®)

Proof For every x € H, z is the unique solution of the strongly convex minimization
problem (6). The optimality condition associated with (6) implies that 0 € dG(z),
where G(y) = Af(x,y) + %Ily — x||I* + ic(y). Since the first two terms of G
have full domain, the sum rule of subdifferential can be applied. Hence, there exists
s € d2 f(x, z) such that

0eis+z—x+ Nc(2),

where N¢(z) denotes the normal cone to C at z. Hence, by definition of this cone,
we have

(x—z—As,y—2) <0 VyeC. 9)
On the other hand, since s € 9> f(x, z), it follows
fx,y)—fx,2) = (s, y—2) VyeC. (10)

Combining (9) and (10), we obtain
A, y)—f(x,2) = s, y—2)={x—z,y—z) VyeC.

As a consequence of Lemma 1 we have the following result.

Corollary 1 Forany A > 0, x € Sol(f, C) if and only if x = ¥ (x).

Proof If x = z then since A > 0 we have from (8) and f(x, x) = O that
fx,y) =0 VyeC,

i.e., x € Sol(f, C). Conversely, if x € Sol(f, C), then substituting y = x in (8),
since z € C we obtain

Ix —zlI> < A (f(x, %) — f(x,2) = —Af(x,2) <0,

which implies x = z. O
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Remark 2 Inthe case f(x,y) = (F(x),y —x) forall x, y € H, Corollary 1 reduces
to the well-known characterization of the solution of VI (F, C): For any A > 0, x is
a solution of VI(F, C) if and only if x = Pc(x — AF (x)), see, e.g., [15]. Indeed,

1
¥ (x) = argmin, e (Af (v, ) + S lly = xI)

1
= argmin, ¢ (A (F), y = x) + Slly = x|1%}
argmin, ¢ {[ly — (x = AF(0))[*} = Pc(x — AF (x)),

where Pc denotes the projection operator onto C.
The second-order dynamical system (7) for VI (F, C) is written as follows

X() +a()x(®) + B@)(x () — Po(x(t) — AF (x(1)) =0, (11
x(0) = x0, X(0) = vo,

whose the global exponential convergence has been recently established in [34].

The existence and uniqueness of the trajectory of (12) is stated in the following
result, where we employ the technique used in [8].

Theorem 1 Leta, B : [0, +00) — [0, +00) be Lebesgue measurable functions such
that a, B € L} ([0, +00)) (that is a, B € L} ([0, b]) forevery 0 < b < +00).

loc loc
Assume that ,, is Lipschitz continuous for all A > 0. Then for each xo, vy € H,

there exists a unique strong global solution of the dynamical system (7).

Proof For all x € H, defining S : H — H by
Sx = x — ¥ (x),
we can re-write dynamical system (7) as
X@) + oe(t))'c(t‘) + B()Sx () =0, (12)
x(0) = xg9, x(0) = vg.

Moreover, Lemma 1 yields Zeros(S) = Sol(f, C). By the Lipschitz continuity of
¥ (-) and the Cauchy-Schwartz inequality, it is clear that S is Lipschitz continuous.
Hence, the conclusion is obtained following the proof of [8, Theorem 4 ]. O

We provide in the following some sufficient conditions for the Lipschitz continuity
of w)L.

Proposition 1 If f satisfies Lipschitz condition (2) then v, is Lipschitz continuous
with constant 1 + ALL.

Proof Let x1,x3 € H and 71 = V5. (x1), 22 = ¥ (x2) we have 71, z2 € C and from
Lemma 1 it holds

A(f(x,y) = fxz1) =2 (ap—z1,y—21) VyeC.
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Substituting y := zo € C we obtain
A(f(x1,22) — fxr,21)) = (1 — 21,22 — 21)
Similarly, we can deduce
A(f(x2,21) — fx2,22)) = (x2 — 22,21 — 22) -
Adding the last two inequalities and using the Lipschitz condition (2) we have
(z1—z2,z1 —x1 +x2 — 22) < A(fGxr,22) = fOen, z)]=1f (2, 22) = f(x2, 2D)])
< ALlix1 — x2llllzr — 221,
which implies
lzi—221* < (21 = 22, %1 — x2)+ALIIx —x2 [l 21 —22ll < A4+AL) x1—x2]lllz1—22]]-

Hence
lz1 — z2ll = (1 + AL)|Ix1 — x2f|.

4 Global exponential convergence

In this section, we will investigate the exponential convergence of the trajectories
x () generated by dynamical system (7). We use a similar technique developed in [10,
12] for solving monotone inclusions. From now on, we assume that f is §-strongly
pseudo-monotone on C and satisfies the Lipschitz-type condition (1) with modulus
L>0onH.

The following result will play an important role in our convergence analysis.

Proposition 2 Let x* be the unique solution of EP(f, C) and } > 0. Then, for any
x € H, we have

2
x =¥ (0, x = x7) = (1 - K) I = ¥ (12 (13)
and 14+A8+ AL
I =" < = e = vl (14)

Proof Setting 7 := v, (x) € C and substituting y = x* € C into (8) we have
A x®) = f(x,2) =[x —z,x* —2).
Combinning this inequality with the Lipschitz-type condition of f we obtain
(x—z,2=x% = A (fx,2) = fx,x9))
> —Af(z, x") — ALllx — zlllz — x*|. 15)

Since x* € Sol(f, C) and z € C, it holds that f(x*, z) > 0. Then by the §-strong
pseudomonoticity of f we have f(z,x*) < =8|z — x*||2. 1t follows from (15) that

(x — 2,2 —x*) > A8llz — x*||I* — AL|Ix — zllllz — x*|. (16)
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Therefore,
(x =), x —x") = (x —z,x —z+ 2z —x%)
Ix =zl + (x — 2,2 — x*)
lx — zlI* + A8llz — x*|I* = ALJlx — zlll|lz — x*||

R W
a5 ) TF

AL? 2 )2 *
+H||X—Z|| + Adllz = x*[|17 = AL[lx — zllllz — x|

o (122 e
= 45 X 2l

where we have used the Cauchy-Schwarz inequality in the last estimation. This
implies (13).
Again, from (16) and the Cauchy-Schwarz inequality we have

Mllz = x*1* < x — zllllz = x*[ + ALIx — zllllz — x*],

\Y

which implies

1+ AL
_x¥ < _
lz —x™Il < 3 lx —zll.
Hence |38 L
+ A0 +
lx =x* < llx —zll + Iz = x*|| < ————llx —z||.

A8
O

We are now in the position to establish the main result of this section where we
employ the similar tools and techniques used in [1, 10, 34].

Theorem 2 Let x* be the unique solution of EP(f,C), let 0 < A < % and
E=1-2 >0

Let a,B : [0,400) — [0,+00) be a locally absolutely continuous functions
fulfilling for every t € [0, 4-00)

. 282
) l<a=<a@) =< (1-13)«\5714)2'30) +1;

(i) () =0and % (53) <0
(i) () —a(t) — £ > 0.

Then any strong global solution x(t) to the dynamical system (7) converges
exponentially to x* as t — 09, i.e., there exist positive numbers k, 6 such that

e (0) = x*|| < e x(0) — x*|l e Vi >0.

Proof Consider for every ¢ € [0, +00) the Lyapunov function £(¢) = % llx(£) —x*|2.
Then

EW) = (x() —x* %), E@®) = XD + (x(t) —x*, F(1)).
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Setting z(¢) := ¥, (x(¢)) and taking to account of (7) we obtain for every ¢t €
[0, +00) that

E0) +a®EW) + B) (x(1) — x*, x(1) — z(1)) = XD,
which, together with (13) implies
E) +a(HE@) + EBMIx(1) — z()1* < %D,

where £ =1 — % > 0. Again it follows from (7) that

§ 2 §
SBOlx@) =@ + 250

Applying (14), we obtain from the last inequality

Et) +aEw) + I1%(0) + a2 @) * < 5@

§

. . I
EM) +a)E@) +51BMEW) + 280 X @)l
£’ (1) NN .10
<2,8(t) - 1) IxI*+ B0 (xX(0),x(@)) <0, (17)
_ £2282 . d e 2 . . .
where & = RESYIvyArE Since 7 [|X(D)[= = 2(X(z), x(1)), setting for every 1 €
[0, +00)
2
MW#W&b@:%%e@:Zﬁ—meﬂmw

and eliminating a non-negative term % lX(#)||% in (17) we obtain
Et) +a®E@) +a)E) + b)) + c(t)u(r) <O. (18)

Multiplying both sides of (18) with ¢’ > 0, and using the identities

% (e'E@) —e'E()

e _ i t ot
eE(t)—dt (eS(z‘)) A

lEW) =

eu(t) = % (e’u(t)) —cu(t)
we obtain

% (€E®) + @) — 1) % (€M) + (a(®) + 1 —a@) e'E@)

+b(t)% (e'u@®)) + (c(t) — b(r))e'u(r) < 0. (19)
From assumptions (i) and (iii) we have
at)+1—a@) >0, c@)—>b) =0 Vtel0,+00).

Hence from (19) we can write

d to _ i t i t
o (€MD) + (@) — 1) o (e'E@)) + b(1) o (e'u(n)) < 0. (20)
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Since
— — [ e — — [ — Y t
(a(t) — 1) p (e €(t)) =7 [(a(t) e E(I)] a(®)e' E(t)

d (b(®)e'u()) — b(t)e'u(t),

d
b(t)a (etu(t)) = E

we have from (20)

d te d t . t d t 2 t

= (e 5(;))+E [(@@) = De'E@)]—a)e 5(z)+5 (b)e'u(t))—b(t)e'u(t) < O0.
21

By assumption (ii), & (#) < 0 and b(t) < 0forall 7 € [0, +00). Therefore, we have
from (21)

% [e’c‘f(t) + (a(t) — 1) e'E@) + b(t)e’u(t)] <0.
This implies that the function
t— &) + () — D) e'EW) + b(t)e'u(t)
is monotonically decreasing, hence there exists M > 0 such that
FEWD) + (@) — D) ' &) + b()e'ut) < M.
Since b(t), u(t) > 0, we get
EN + @ =1 EW < Me™,

hence
EW+(@—DED) < Me™!
for every ¢t € [0, oo). This implies that

d
2 a=Dt (a—2)t
T [e S(t)] < Me

for every ¢ € [0, 0o). By integration, we have

(i) if 1 <a < 2then

M
0<&@) < (5«)) + )e—<°‘—1>';
a—2

(i) if2 < & then

M M
0<E@) <EO) @Dy — o < <€<0) + ) e’
2 —« 2—«

(i) if @ =2 then
0 <&@ < (EO)+Mp)e™.
This implies that x (#) converges exponentially to x*.
O

Remark 3 As in [10, 34], we notice that it is easy to find functions «, 8 satisfying
assumptions (i)—(iii) in Theorem 2. For example, if we choose «(t) = « + HL] and
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B)=p8— t_+1 forall z € [0, +00) and @ > 1, then (ii) is fulfilled. Assumption (iii)

is equivalent to
) 2/3+ 1 n 1 n 2 -
a”—a— —
& t+1D2 t+1 E@+1)

which can be guaranteed if

3

a2—a—%ﬂ>0
gh =

ai%(l—i— 1—|—8€—'B>.

1 1
- < R 1’
O‘Jerrl—E‘(l8 t+1)+

or

Assumption (i) reads as

ie.,

&1 +1
t+1

a=<§pB— +1,

which is guaranteed whenever
a=§p-GE+D+1=(B—-Dé.

Therefore, to fulfill assumptions (i)—(iii), it is sufficient to choose § (large enough)

and o satisfying
1 8B
§<1+‘/1+?)§a§(ﬂ—1)51. (22)

Also any constant functions () = « and B(¢) = g for all ¢ € [0, +00) with @ and

B satisfying
1 8B
E 14+ 1+? <o =< B&+1,

fulfill assumptions (i)—(iii).

5 Linear convergence of a discrete system

Explicit discretization A finite-difference scheme for (7) with respect to the time
variable ¢, with stepsize h; > 0, relaxation variable 8y > 0, damping variable oy >
0, and initial points xo and x; yields the following iterative scheme:

1 o

o (k1 — 2xp + xp—1) + e (xk — xk—1) + Bk — ¥ (ve)) = 0, (23)

k
where yy is an extrapolated point from x; and x;_ that will be chosen later (because
S := 1 — ¢,.(-) is Lipschitz continuous, there is some flexibility in this choice). We
can write (23) as

X1 = Xk 4+ (1= ahy) o — x—1) — hi B — ¥ (3))-
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Setting px = 1 — aghg, nk = h,%rk and choose yr := x; + px(Xx — Xr—1) We can
write the above scheme as

Yk = Xk + ok (Xk — Xp—1)
Xkl = (I = ) ye + neva (),

which is a relaxed version of fixed point algorithm with additional inertial effects. In
this section, we will investigate the convergence properties of (24). For the sake of
simplicity, we only consider the case where all parameters are constants, i.e., py = p
and n; = n for all k.

iyk = x; + p(xp — Xp—1) 24)

X1 = (L= myk + 0¥ (i)
We also make the following assumptions on the parameters:

(Al): 6>0and0 < A < 2.

6L2>

(A2):
. 1 1
0 < 1 < min g\ l-2
l1—gq 0

. 1
where g '= Ty
(A3):

1

1— <l—g)q+1—n
0 < p <min n+ng 1
0

3 (1 - ) g+1+n
Remark 4 Note that (A2) allows over relaxation, i.e., n > 1, which can accelerates

the convergence speed in certain examples. If n = 1 and (A1) is fulfilled, then (A2)
holds for any 6 > 1 and (A3) becomes
(1-3)e

(1—%)6[4—2

In this case, (24) reduces to fixed point method with inertial effect

0 <p <min ‘g’

Yk = Xk + p (X — Xk—1)
Xkt1 = ¥ ().

Algorithm (24) is very general, in the sense that it includes many others algorithm
as a special case. For example, when p = 0 and n = 1, it reduces to the fixed
point algorithm studied in [23, 25]; when p = 0 it reduces to the relaxed fixed point
algorithm considered in [36]; when = 1 it is the fixed point algorithm with inertial
effect proposed in [17].

As in Section 4, we assume that f is 6-strongly pseudo-monotone on C and satisfies

the Lipschitz-type condition (1) with modulus L > 0 on H. Using similar tools and
techniques as in [10, 34], the linear convergence of scheme (24) is stated as follows.
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Theorem 3 Let the parameters A, n, p be such that assumptions (Al), (A2) and (A3)
are fulfilled. Then the sequence {xy} generated by (24) converges linearly to the
unique solution x* of EP(f, C).

Proof Setting 7 := ¥, (yx) € C and substituting y = x* € C into (8) we have

A s ¥ = f ks 20)) = (v — 260 X — 2.
Combining this inequality with the Lipschitz-type condition of f we obtain
(o — 20z —x*) = A (f Ok 2) — f Ok x9))
> —Af(zk, x™) — ALk — zellllze — x*|I. (25)

Since x* € Sol(f, C) and z; € C, it holds that f(x*, zx) > O . Then by the §-strong
pseudomonoticity of f we have f(zx, x*) < —8|jzx — x* |2. It follows from (25) that

vk = 2k 2k — x*) = 282k — 212 = ALllye — zilllz — x*11-
Hence
lze = x* 1% = llyk — x*I1* + Ik
2
=2kl

which implies

(14 228) llzk — x* 1% < llyk — ™1 = vk — z&ll* + 2AL [y — zllllze — x|
1
< llye—x*1* = llye — Zk||2+§||)’k—Zk||2+2)»2L2||Zk —x*|?
1
< lyx — x*|1* — Sl = ll? 4 222 L2 |z — x*)I2,

or equivalently,

1
(14226 =L ok = 217 =l = 2712 = S e = 2l

Therefore,
Ikt — x*1% = N1 — )y + nze — x*|?
= (1 = )k — x*) + 0z —x))?
= (1= )llyk — x*I* + nllze — x*I1* — n(1 = ) llye — zll?
n 2
< (1— ok 2+— ok
< A=y ="+ o=y e =<l
- ! vk — zell> = 01— vk — zell®
2 (14218 — AL?))
= ierllye — x*I1* — k2l — zll?, (26)
where .
kp:=1—n+ =1l-n+ng>0

1+21(5 — AL2)
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and

1 q
= l—p=2491-n>0
K2 211206 —2L2) +n—n) > +n —n) >

by assumption (A2).
Let us estimate the right-hand side of (26). We have
e — 2l = lxer — well?
= |kt — xk — Ok — x|
Ikt — xe 1+ 0% 1xk — Xe—1 I = 20 (g1 — Xe Xk — Xp—1)
> |lxrsr — xel* 4+ 0%k — xi—1 1> = 2001 — xillllxk — xe—1
> |lxgs1 =217 4+ 02 1k —xk—1 17 = pllxer — xicll* = pllxk — xx—1 12
= (1 = Pllxes1 — x> = (1 = p) Ik — 1[I @7)

In addition
lye — x*1% = (14 p) (e — x*) — p Qo1 — x|
= (14 p)llxx — x*I* = pllxe—1 — x** 4+ p(1 + p)llxx — xx—11I%.
Combining (26), (27) and (28), we obtain

k1 —x* 17 < w1 (L4 p) Ik —x* 12 —=k1 01361 — x*I1* + k1 p(1 + p) 12k — x4—1 112

k2p(1 — p) k(1 — p)

2 2
+T”xk — Xk—1lI” — lIXk41 — X ll™

Since k1 € (0, 1), the last inequality implies

k(1 —
il OV

d—-p)
n

2 2
k1 = X7 = pllxe — x*|I7 +

2 2, k2 2
Xke1 — 217 — k1pllxx — x*)1° + llxk+1 — x|l

IA

k21 —p)

IA

2 2
K1 [IIXk — x*|I7 = pllag—1 — x*|° +

B (Kucz(l —p)  Kk2p(l—p)
n

2
lxe — xe—1ll ]

—k1p(l + p)) Ik — xi—1l%. (28)
Setting

. 2 2 k2 2
A = llxg — x™ )17 = pllag—1 — x*[I” + lxe — xk—1l1°,

(I—p)
U

we prove that Ay > 0 for all k¥ > 0. Indeed, applying the following inequality with
£E>0

a® + £b* = min (1, £} (@® + b*) > min (1/2, £/2} (a — b)*,

we obtain

Kk2(1 — p) . 1 k2(l —p)
e — x* 1% + Tnxk — x3_1]|> > min 3 llxe—1 — x*|I*
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From assumption (A3) we have p < Kz’jon, ie,p < %n_p) and
[k K2 1
0<p<min{—, < —. 29)
3 k2+2n 3
Hence
. [1 k(1 =p)
Ag = min{ =, —————lx—1 — x> = pllx_1 — x*|> = 0.
2 2n

In addition, from (29) we have

kop(l—p) _ Kkik2p(1 = p)
n - 3n

Kl —p)4 2 —p)
2n 3 37 ’

kip(l+p) < ki

which implies

kKika(I —p)  Kk2p(1 —p)
n n

—kip(l+p) =0 >0,

where o 1= 2""‘23—(”1_’0) —k1p(1 + p) > 0. Therefore, (28) implies that

2
A1 S k1A —ollxg — xp—1ll” < k1Ag,

for all k > 0, from which we deduce

Ar < Aok and ol — xe-1l? < Ax < Ao,
i.e., {Ax} and {||xx — xx—1]|} converge linearly to O and this immediately implies that

the sequence {x;} converges linearly to the unique solution x*. O

6 Numerical examples

In this section, we consider some numerical results to illustrate the global exponential
stability of the unique equilibrium point of dynamical system (7) and the linear con-
vergence of its discretization. Codes are implemented in MATLAB 2019b running
on a MacBook Pro laptop with an Intel core CPU i7 at 2.6 GHz and 16 GB mem-
ory. The stopping condition is ||x(z) — ¥ (x(¢))|| < € for all test problems, where
€ = 107*. In our codes, the subproblem (6) is solved using the “fmincon” function
from Matlab whenever there is no explicit solution.

Problem 1 The bifunction f of the equilibrium problem comes from the Cournot-
Nash oligopolistic equilibrium model with the price and fee-fax functions being
affine considered in [14, 29, 30]. The test problem is described as follows: assume
that there are m companies that produce a commodity. Let x denote the vector whose
entry x; stands for the quantity of the commodity produced by company j. We sup-
pose that the price p;(s) is a decreasing affine function of s with s = 37, x;, i.e.,
pj(s) =aj — Bjs, where a; > 0, B; > 0. The profit made by company j is given
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by fi(x) = pj(s)xj—cj(x;), where c;(x;) is the tax and fee for generating x ;. Sup-
pose that C; = [x}""", x7"**] is the strategy set of company j , then the strategy set
of the model is C := Cy x C3... x Cy,. Each company seeks to maximize its profit
by choosing the corresponding production level under the presumption that the pro-
duction of the other companies is a parametric input. A commonly used approach to
this model is based upon the famous Nash equilibrium concept. We recall that a point

x* € C = Cy x C3... X Cy, is an equilibrium point of the model if
fi(x®) = fi(x*[x;1) Vxj € C;,¥j=1,2,..,m,

where the vector x*[x;] stands for the vector obtained from x* by replacing x;f with
xj. By taking f(x,y) = ¢(x,y) — ¢(x,x) with ¢(x,y) == =27, f;(x[y;],
the problem of finding a Nash equilibrium point of the model can be formulated as
follows: Find x* € C such that

f(x*,x)>0,Vx € C.

Now, assume that the tax-fee function c;(x;) is increasing and affine for every j .
This assumption means that both of the tax and fee for producing a unit are increasing
as the quantity of the production gets larger. In that case, the bifunction f can be
formulated in the following form [29, 30]

f,y)=(Px+Qy+r,y—x) (30)

where r € R, and P and Q are two square matrices of order m . It was proved in [29]
that the function f is strongly pseudo-monotone with modulus § = A, (P — Q),
the smallest eigenvalue of P — Q and f satisfies the Lipschitz-type condition with
modulus L = ||P — Q||, f is convex in the second variable whenever Q is positive
semidefinite. As in [29, 31], in our test, the vector r and the matrices P and Q are
chosen as follows:

1 312 0 00O 161 0 00
-2 236 0 00 1 1.6 0 00
r=|-1}; P=| 0 03520(; Q=0 01510
2 0 0 2330 0 0 1150
-1 0 0 0 03 0 0 0 02
The constraint set of this problem is defined by

5
C=eR|) x=20, —5=<x=<5 i=12345)

i=1
and its solution x* is given by
x* = (—0.725388, 0.803109, 0.72000, —0.866667, 0.200000)” .

For this problem, § = A,;,;, (P — Q) = 0.7192 and L = ||P — Q] = 2.905, and we
choose

1.9%6
0=2;, A= *

. 1 1
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1
1—n+nq (1_5)"“_"
3o (1=)a+1+n

Hence Assumptions (Al), (A2) and (A3) are fulfilled. Figure 1 displays the tra-
jectories generated by the dynamical system (7). It is clear that x(¢) converges
exponentially to the unique equilibrium point x*.

Figure 2 compares the behavior of algorithm (24) in four cases when
xo = (2,1,4,—1, —2)T: the relaxed-inertial algorithm (RI-FixedPoint: n; =
1.3474, pr = 0.0526) , the inertial algorithm (I-FixedPoint: n; = 1, pr = 0.0526),
the relaxed algorithm (RI-FixedPoint: n; = 1.3474, pr = 0), and the fixed point
algorithm (FixedPoint: n; = 1, pr = 0) for all k. Note that the inertial algorithm,
the relaxed algorithm and the fixed point algorithm have been proposed in [17, 36]
and [23, 25], respectively. We can see that while all algorithms converge linearly, the
relaxed-inertial method takes advantage in this example.

= 0.0526.

£ = min

Problem 2 We consider the well-known Rosen-Suzuki optimization problem [18,
Problem 43], where the cost function ¢ defined for x = (x1, x2, x3, x4) by

d(x) = )cl2 +x22 + 2)632 + xf —5x1 — 5x0 — 21x3 + Tx4.

_x1(t)
3 X, ]
2 _xs(t) ]
% — 0
: i e X (1)

0 0.02 0.04 0.06

time

Fig. 1 The trajectory of dynamical system (7) for Problem 1 when xo = (2, 1,4, —1, 2T, where x; (1)
stands for the quantity of the commodity produced by company i at time ¢
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\ RI-FixedPoint

—|-FixedPoint
R-FixedPoint | ]
FixedPoint

1005

lzr — 7|

10'4;'

1 1 1 1 1 1

0 10 20 30 40 50 60 70
Iterations

Fig.2 Comparison of the relaxed-inertial algorithm with the inertial algorithm, the relaxed algorithm and
the fixed point algorithm when xo = (2, 1,4, —1, —2)T for Problem 1
The constraint set is given by C = {x € R* | gi(x) <0,i =1, 2,3}, with
_ 42 2 2 2 _ _ —
g1(x) =x7+ x5 +x5+x; +x1 —x2+x3 —x4 =38,
g(x) = x% —|—2x§ +x32 + 2x§ —x1 — x4 — 10,
=2 2 2 2 2 _ _ _5
83(x) = 2x7 + x5 + x5 +2x1 —x2 — x4 .

This problem is reformulated as an equilibrium problem with function f defined for
each x, y € R* by

fx,y)=(Vox),y —x),

here V¢ denotes the gradient of ¢. For this problem, we have § = 2 and L = 4, and
we choose

1.9%34 ) 1 1
6 =2; = —— =0.1188; n =0.9%min ,I4+g 11— =) 1=1.3396;
OL?2 l—gq 0
1
1— (1——)q+1—17
p = min | —— 11 d = 0.0526.

3 (1-4)a+1+n

The optimal solution of this problem is x* = (0, 1, 2, — l)T.
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Figure 3 displays the trajectories generated by the dynamical system (7). It is clear
that x () converges exponentially to the unique equilibrium point x*.

Figure 4 presents the behavior of algorithm (24) in four cases when xp =
(1,-1,2, —3)T: the relaxed-inertial algorithm (RI-FixedPoint: n; = 1.3396, oy =
0.0526), the inertial algorithm (I-FixedPoint: n;y = 1, o = 0.0526), the relaxed
algorithm (RI-FixedPoint: n; = 1.3396, pr = 0), and the fixed point algorithm
(FixedPoint: n; = 1, pr = 0) for all k. One can see that all algorithms converge
linearly and the relaxed-inertial method outperforms the others.

Problem 3 Finally, we consider the strongly pseudo-monotone EP as in Example 1
with

Je,y) =R —lxD{x,y—x) and C={xeH, x| =r}

with R > r > R/2 > 0. Note that the function f is neither monotone nor strongly
monotone, but it is strongly pseudo-monotone with modulus § = R — r. We verify

states x(t)

1

0.08 0.1 0.12

0.06

time

0 0.02 0.04

Fig.3 The trajectory of dynamical system (7) for Problem 1 when xog = (3,2 — 2, —4)7
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RI-FixedPoint
R-FixedPoint
—|-FixedPoint
FixedPoint

lr, — =7

0 5 10 15

Iterations

Fig.4 Comparison of the relaxed-inertial algorithm with the inertial algorithm, the relaxed algorithm and
the fixed point algorithm for Problem 2 when xp = (1, —1, 2, 37

that f satisfies Lipschitz-type condition (1) on C with L = R + 2r. Indeed let
x,y,z € C we have

JE+ )= fx2) = (R=lxID{x, y —x) + (R =[IyID{y,.z = y)

—(R = llxID{x, z — x)
= R —[xID{x,y =2) = (R = [lyID{y. y = 2)

(Rx = Ry, y —2) +{lylly = llxllx, y = 2)
—Rllx = ylilly =zl = llylly = llxlix][ly — zl
—Rllx = ylllly = zll = 2rlly — x|llly — zll
—Lllx = ylilly = zlI.

vV v

In our experiment we choose H = R0 R —8 r=5and

0=2; X 199 0.0088 0.9smi ! I4+qg(1 ! 1.3488
= 2; = —7— =0 ; = 0.9*xmin , — = =1. N

1
1—n+ngq (1_§)q+1_"
3 (1-4)a+1+n
The optimal solution of this problem is x* = 0 e R!%. We do not display the
trajectories generated by the dynamical system (7) as it is cumbersome. Figure 5

p = min — 0.0526.
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RI-FixedPoint
R-FixedPoint
I-FixedPoint
FixedPoint

[z — =7

10°7

0 50 100 150 200 250
Iterations

Fig.5 Comparison of the relaxed-inertial algorithm with the inertial algorithm, the relaxed algorithm and
the fixed point algorithm for Problem 3 with a random starting point

presents the behavior of algorithm (24) in four cases when xg is chosen randomly
in [—10, 10]'9: the relaxed-inertial algorithm (RI-FixedPoint: n; = 1.3488, oy =
0.0526), the inertial algorithm (I-FixedPoint: n; = 1, pr = 0.0526), the relaxed
algorithm (RI-FixedPoint: n; = 1.3488, o = 0), and the fixed point algorithm
(FixedPoint: n; = 1, py = 0) for all k. It is clear that all algorithms converge linearly
and the relaxed fixed point method is comparable with relaxed-inertial fixed point
method and both outperform the others.
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