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Abstract
Let X ,Y ,W , δ and ε be continuous univariate randomvariables definedon a probability
space such that Y = X + ε and W = X + δ. Herein X , δ and ε are assumed to be
mutually independent. The variables ε and δ are called classical and Berkson errors,
respectively. Their distributions are known exactly. Supposewe only observe a random
sample Y1, . . . ,Yn from the distribution of Y . This paper is devoted to a nonparametric
estimation of the unknown cumulative distribution function FW of W based on the
observations as well as on the distributions of ε, δ. An estimator for FW depending on
a smoothing parameter is suggested. It is shown to be consistent with respect to the
mean squared error. Under certain regularity assumptions on the densities of X , δ and
ε, we establish some upper and lower bounds on the convergence rate of the proposed
estimator. Finally, we perform some numerical examples to illustrate our theoretical
results.
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1 Introduction

Let W be a continuous random variable defined on the probability space (Ω,F ,P)

and distributed with an unknown distribution. Denote by FW the unknown cumulative
distribution distribution (cdf for short) of W , i.e.

FW (x) := P(W ≤ x), x ∈ R.

Our interest in this paper is the nonparametric estimation problem of FW (x). In prac-
tice, there exist some situations in which, instead of observing W , one only observes
a surrogate variable X , related to W via the model

W = X + δ. (1.1)

Here δ is a random error, called a Berkson error. It is assumed to be independent
of X ; in addition, its distribution is known exactly. The model (1.1) is plausible in
many situations. For example, in exposure studies, an important problem is to access
the effect of an air pollutant to the residents of a certain city. In that situation, W
can represent as the personal exposure of the residents to the air pollutant. However,
suppose that only X , the concentrationof the air pollutant at certain observation stations
in the city, can be measured. Mathematically, W varies randomly around X and can
be expressed as X plus to a random error δ, which reflects the individual variation in
the exposure from the measured exposure. More motivations and explanations of the
model (1.1) can be found in Fuller (1987) and Carroll et al. (2006).

Measurements often contain errors which may be generated from many sources as
measurement devices, or intrinsic difficulty in measuring variables of interest. Hence,
it is more realistic to introduce an observable contaminated version Y of X linked to
X through the model

Y = X + ε, (1.2)

where the variable ε, assumed to be independent of both X and δ, reflects an error
when measuring X with an inaccurate measurement device or procedure. We call ε

a classical error. Similar to the Berkson error δ, we also assume that the distribution
of δ is fully known. Now let Y1, . . . ,Yn be a sample of i.i.d. observations taken from
the distribution of Y . Based on the observations as well as the knowledge about the
distributions of δ and ε, we aim to estimate FW (x) in a nonparametric strategy.

Berkson errors are in nature different from classical errors. In the model (1.1), W
plays the role of an unobserved true variable and X is only a proxy forW . The Berkson
error δ is independent of X , but not independent ofW . Nevertheless, in themodel (1.2),
the classical error ε is independent of X , considered as an unobserved true variable.
The model (1.1) was first considered in Berkson (1950). It has attracted less interest
and mainly treated in regression problems with errors-in-variables, see, e.g. Berkson
(1950), Delaigle et al. (2006), Carroll et al. (2009), Delaigle and Meister (2011),
Delaigle (2014). The model (1.2) leads to so-called deconvolution problems for the
density or the cdf of X that have been widely and intensively studied in the statistical
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literature. See, for instance, Carroll and Hall (1988), Stefanski and Carroll (1990), Fan
(1991), Pensky andVidakovic (1999), Comte et al. (2006), Hall andMeister (2007) for
density estimation context, and Gaffey (1959), Fan (1991), Cordy and Thomas (1997),
Meister (2009), Dattner et al. (2011), Dattner and Reiser (2013), Trong and Phuong
(2019) for cdf estimation context. To the best of our knowledge, however, it seems
that there is very little research referring to the two models simultaneously. In density
estimation context, we refer to Delaigle (2007) and Rimal and Pensky (2019) as a
handful of related works. Delaigle (2007) introduced two nonparametric methods for
estimating the density fW of W and studied some asymptotic properties of proposed
estimators. Rimal and Pensky (2019) considered a nonparametric density estimation
of fW in the case of small Berkson error δ. In cdf estimation context, we have not
yet found any related work so far. Therefore, our aim is to fill partially this gap in the
current work.

More concretely, we study the problem of estimating the cdf FW in some various
cases of the errors δ and ε, where the characteristic function ϕε of ε is assumed to be
non-vanishing on the whole real line. Such cases of ε are referred to as “standard”
cases of its distribution. In order to build a nonparametric estimator of FW , we apply
a direct inversion formula for cdf’s as well as nonparametric deconvolution tools. Our
proposed estimator depends only on a regularization parameter and can be viewed as a
generalized version of the estimator for the cdf of X introduced inDattner et al. (2011),
who only considered the classical error model (1.2). We discuss to the consistency of
the proposed estimator with respect to the mean squared error under certain conditions
on the regularization parameter. After that we establish upper and minimax lower
bounds on the convergence rate of our estimator uniformly over a Sobolev class of the
unknown density of X .

The rest of this paper is structured as follows. In Sect. 2, we first introduce some
notations and then discuss our estimationmethod of the cdf FW . In Section 3, we study
mean consistency of our estimator. In Sect. 4, we establish some upper and minimax
lower bounds on the convergence rate of the proposed estimator. In Sect. 5, we perform
some numerical examples to illustrate our theoretical results. Finally, we present all
proofs in Sect. 6.

2 Notations and the estimator

2.1 Notations

We introduce some notations which will be used later. The characteristic function
of a random variable U is defined by ϕU (t) := E(eitU ) with t ∈ R and i2 = −1.
For a complex number z, the notations �{z}, �{z} and Arg{z} stand respectively for
the real part, the imaginary part and the principal argument of z. The notation ‖φ‖1
denotes the usual L1(R)-norm of a function φ ∈ L1(R), i.e. ‖φ‖1 := ∫∞

−∞ |φ(x)|dx .
The convolution of two measurable functions u, v on R is the function (u ∗ v)(x) :=∫∞
−∞ u(x − s)v(s)ds. For positive deterministic parameters an and bn depending on
the sample size n, the notation an � bn means that there exists a constant c > 0
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independent of n and a positive integer n0 such that an ≤ c bn , for all n ≥ n0. Also,
we write an 
 bn if an � bn and bn � an .

2.2 The estimator

Throughout this paper, the characteristic function ϕε of ε is assumed to satisfy

ϕε(t) �= 0, for allt ∈ R. (2.1)

The assumption (2.1) is standard in deconvolution topics, see, e.g., Fan (1991).
Nowwe describe our method for estimating FW . First, sinceW is a continuous type

random variable, the cdf FW is continuous on R and so (see, e.g. Gil-Pelaez (1951))

FW (x) = 1

2
− 1

π

∫ ∞

0

1

t
�{ϕW (t)e−it x }dt . (2.2)

The independence of X , δ and ε gives that ϕY (t) = ϕX (t)ϕε(t) and ϕW (t) =
ϕX (t)ϕδ(t), for all t ∈ R. Combining the two last equalities with (2.2) and apply-
ing the assumption (2.1), we derive that

FW (x) = 1

2
− 1

π

∫ ∞

0

1

t
�
{

ϕY (t)ϕδ(t)

ϕε(t)
e−it x

}

dt . (2.3)

In the equation (2.3), only the quantity ϕY (t) is unknown and thus have to be estimated.
Indeed, with the available data Y1, . . . ,Yn , we consider the quantity

ϕ̂Y (t) := 1

n

n∑

j=1

eitY j , t ∈ R,

known as the empirical characteristic function of Y . We see that Eϕ̂Y (t) = ϕY (t),
Varϕ̂Y (t) → 0 as n → ∞; moreover, ϕ̂Y (t) → ϕY (t) almost surely as n → ∞, due
to the strong law of large numbers. Thus, we propose to estimate ϕY (t) by ϕ̂Y (t). In
doing so, we then can define a naive estimator of FW (x) in the form

F̃W (x) := 1

2
− 1

π

∫ ∞

0

1

t
�
{

ϕ̂Y (t)ϕδ(t)

ϕε(t)
e−it x

}

dt . (2.4)

Nevertheless, since limt→∞ ϕε(t) = 0, the integrand in (2.4) could not be integrable
and hence F̃W (x) could not be well-defined. To overcome this, we truncate the inte-
gration domain to obtain the following estimator for FW (x):

F̂W ;T (x) := 1

2
− 1

π

∫ T

0

1

t
�
{

ϕ̂Y (t)ϕδ(t)

ϕε(t)
e−it x

}

dt . (2.5)

Here T > 0 is a suitably chosen parameter according to the sample size n later.
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Remark 1 If there is no the presence of the Berkson error, i.e. δ ≡ 0, then the estimator
F̂W ;T at (2.5) coincides with the estimator introduced in Dattner et al. (2011). Note
that F̂W ;T has twominor disadvantages: it may be not a non-decreasing function onR;
in addition, it may take some values outside the interval [0, 1]. However, the second
disadvantage can be corrected easily. Indeed, we can set the correction version

F̃W ;T (x) :=

⎧
⎪⎨

⎪⎩

0 if F̂W ;T (x) < 0,

F̂W ;T (x) if 0 ≤ F̂W ;T (x) ≤ 1,

1 if F̂W ;T (x) > 1.

It is obvious that F̃W ;T takes all possible values in [0, 1]. Also, the mean squared error
of F̃W ;T is smaller than or equal to the one of F̂W ;T .

3 Consistency

Our purpose in this section is to study the convergence of the mean squared error
between the estimator F̂W ;T (x) and the target FW (x), defined by E|F̂W ;T (x) −
FW (x)|2, according to the sample size n. Herein the notation E stands for the math-
ematical expectation with respect to the joint distribution of the random variables
Y1, . . . ,Yn .
First, we derive a general bound for the bias of F̂W ;T (x) in the following lemma.

Lemma 3.1 Let the assumption (2.1) hold. In addition, assume that

∫ ∞

r

|ϕX (t)||ϕδ(t)|
t

dt < ∞, for some r > 0. (3.1)

Then we obtain for any x ∈ R that

|EF̂W ;T (x) − FW (x)| ≤ 1

π

∫ ∞

T

|ϕX (t)||ϕδ(t)|
t

dt .

In Lemma 3.1, the upper bound for the bias of F̂W ;T (x) is uniform with respect to x .
Moreover, it decreases to zero when T is increased to the plus infinity.
In order to bound the variance Var F̂W ;T (x), we need the following assumption:

(A) There exist positive constants bε, τε, ωε such that |ϕε(t)|2 ≥ 1 − bεtτε for all
t ∈ [0, ωε].

Assumption (A) describes behavior of the characteristic function ϕε in a neighborhood
around the point t = 0. It holds for many usual densities, such as Gaussian, Cauchy,
uniform densities andmany others. For example, if ε has theGaussian distributionwith
mean 0 and variance σ 2, then ϕε(t) = e−(σ t)2/2, t ∈ R. Then |ϕε(t)|2 = e−(σ t)2 ≥
1− σ 2t2, for all t ∈ R, so (A) is satisfied with bε ≡ σ 2, τε ≡ 2 and ωε > 0. Another
example is the case where ε has the uniform distribution on the interval (−a, a),
a > 0. In that case, ϕε is continuously differentiable up to order 2 on R, ϕε(0) = 1,
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ϕ′
ε(0) = iE(ε) = 0 and ϕ′′

ε (0) = i2E(ε2) = −a2/3; hence, the applying of the Taylor
expansion formula yields

ϕε(t) = ϕε(0) + ϕ′
ε(0)t + ϕ′′

ε (0)

2
(θ t)2 = 1 − a2θ2t2

6
,

for some θ ∈ (0, 1). This gives |ϕε(t)|2 ≥ 1− a2θ2t2
3 ≥ 1− a2t2

3 , for all t ∈ R. Thus,
(A) is also satisfied for bε ≡ a2/3, τε ≡ 2 and ωε > 0.
In what follows, we set

ω∗ := min{1;ωε; (2bε)
−1/τε } (3.2)

whenever the assumption (A) holds.
The following lemma provides a general upper bound for Var F̂W ;T (x).

Lemma 3.2 Let the assumptions (2.1) and (A) hold. In addition, suppose ϕXϕε ∈
L1(R). Then we obtain for any x ∈ R that

Var F̂W ;T (x) ≤ 2

π2n

(

18 + 2 ln2 2

τ 2ε

)

+ 2‖ϕXϕε‖1
π2n

∫ T

ω∗

|ϕδ(t)|2
t2|ϕε(t)|2 dt .

The upper bound in the latter lemma is also uniform with respect to x . However, it
becomes bigger if T is bigger, unlike the upper bound in Lemma 3.1.
Applying the standard bias-variance decomposition

E|F̂W ;T (x) − FW (x)|2 = |EF̂W ;T (x) − FW (x)|2 + Var F̂W ;T (x)

and the results of Lemmas 3.1 and 3.2, we derive the following result.

Proposition 3.3 Let the assumptions (2.1), (A) and (3.1) hold; in addition, ϕXϕε ∈
L1(R). Then we obtain

sup
x∈R

E|F̂W ;T (x) − FW (x)|2 ≤ 1

π2 I
2
T + 2

π2n

(

18 + 2 ln2 2

τ 2ε

)

+ 2‖ϕXϕε‖1
π2 Jn,T ,

where

IT :=
∫ ∞

T

|ϕX (t)||ϕδ(t)|
t

dt, Jn,T := 1

n

∫ T

ω∗

|ϕδ(t)|2
t2|ϕε(t)|2 dt .

An important criterion to evaluate the quality of an estimation procedure is consistency.
The following theorem establishes the (mean) consistency of the estimator F̂W ;T under
some regularity conditions on the functions ϕδ and ϕε.

Theorem 3.4 Let the assumptions of Proposition 3.3 hold.
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(a) Suppose that there exist positive constants Cδ , Cε, C̃ε, βδ and βε such that

|ϕδ(t)| ≤ Cδ(1 + |t |)−βδ , for all t ∈ R, (3.3)

Cε(1 + |t |)−βε ≤ |ϕε(t)| ≤ C̃ε(1 + |t |)−βε , for all t ∈ R. (3.4)

If the parameter T depends on the sample size n such that

⎧
⎪⎨

⎪⎩

limn→∞ T = ∞ if βε < βδ + 1/2,

limn→∞ T = ∞, limn→∞ n−1 ln T = 0 ifβε = βδ + 1/2,

limn→∞ T = ∞, limn→∞ n−1T 2(βε−βδ)−1 = 0 ifβε > βδ + 1/2,

(3.5)

then

lim
n→∞ sup

x∈R
E|F̂W ;T (x) − FW (x)|2 = 0.

(b) Suppose that there exist positive constants Dδ , Dε, D̃ε, kδ , kε, γδ and γε such that

|ϕδ(t)| ≤ Dδe
−kδ |t |γδ

, for all t ∈ R, (3.6)

Dεe
−kε |t |γε ≤ |ϕε(t)| ≤ D̃εe

−kε |t |γε
, for all t ∈ R. (3.7)

If the parameter T depends on the sample size n such that

⎧
⎪⎨

⎪⎩

limn→∞ T = ∞ if γε < γδ or (γε = γδ, kε ≤ kδ),

limn→∞ T = ∞, limn→∞ e2(kε−kδ )T γ

nT 1+γ = 0 if γε = γδ ≡ γ > 0, kε > kδ,

limn→∞ T = ∞, limn→∞ e2kεT
γε

nT 1+γε
= 0 if γε > γδ,

(3.8)

then

lim
n→∞ sup

x∈R
E|F̂W ;T (x) − FW (x)|2 = 0.

(c) Suppose we have the conditions (3.3) and (3.7). If T depends on n in such a way
that limn→∞ T = ∞ and limn→∞ n−1T−(2βδ+γε+1)e2kεT γε = 0, then

lim
n→∞ sup

x∈R
E|F̂W ;T (x) − FW (x)|2 = 0.

(d) Suppose we have the conditions (3.6) and (3.4). If T depends on n such that
limn→∞ T = ∞, then

lim
n→∞ sup

x∈R
E|F̂W ;T (x) − FW (x)|2 = 0.
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We have some remarks on the conditions of ϕε, ϕδ in the latter theorem. First, the con-
ditions (3.4) and (3.7) are stronger than the condition (2.1). The first two conditions
are closely related to the smoothness of the corresponding density fε of ε. Mathemat-
ically, the smoothness of a density corresponds to the decay rate of its characteristic
function and vice verse. The decay rate becomes faster if the density is smoother. The
characteristic function ϕε from (3.4) has a polynomial decay rate at the infinity, so the
density fε has a finite number of derivaties. While, the decay rate of the function ϕε

from (3.7) is exponential and thus the density fε is infinitelymany times differentiable.
Formally, the density fε is said to be ordinary smooth of order βε (respectively, super
smooth of order γε) if it holds (3.4) (respectively, (3.7)). For example, the Gamma
and Laplace densities are ordinary smooth, while the Gaussian, Cauchy, t , logistic
densities as well as finite mixtures of Gaussian densities are super smooth. The termi-
nologies were first introduced by Fan (1991). Note that the conditions (3.4) and (3.7)
are rather standard in nonparametric deconvolution topics, see, e.g. (Meister 2009) and
references therein. Concerning the function ϕδ , we see that only the upper bounds on
|ϕδ| are imposed in (3.3) and (3.6). This allows the function ϕδ to have some possible
zeros on R, unlike the cases of ϕε where ϕε must be non-vanishing on R.
In view of Theorem 3.4, we realize that in the cases where the density fδ of δ is
smoother than the density fε, any selection of T with limn→∞ T = ∞ is sufficient
for obtaining a mean consistency result of F̂W ;T . In any other case, the parameter T
must be depended on the smoothness degrees of fδ and fε.
Next, we state a mean consistency result of F̂W ;T when the characteristic functions
ϕδ , ϕε satisfy an integrable condition.

Theorem 3.5 Let the assumptions of Proposition 3.3 hold. In addition, assume that

∫ ∞

κ

|ϕδ(t)|2
t2|ϕε(t)|2 dt < ∞, for some κ > 0. (3.9)

If T depends on n such that limn→∞ T = ∞, then

lim
n→∞ sup

x∈R
E|F̂W ;T (x) − FW (x)|2 = 0.

A typical example for the condition (3.9) is the case where supt>0 t
q |ϕδ(t)/ϕε(t)| <

∞, for some q > −1/2. Of course, it is obvious that the condition also includes the
cases: (i) the conditions (3.3) and (3.4) with βε < βδ + 1/2; (ii) the conditions (3.6)
and (3.7) with γε < γδ , or γε = γδ and kε ≤ kδ; (iii) the conditions (3.6) and (3.4).

4 Upper andminimax lower bounds

From now on, we focus on establishing convergence rates of the estimator F̂W ;T . To
do that, we need some additional knowledge on the unknown density fX of X . We
introduce the following definition.
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Definition 4.1 For αX > −1/2 and LX > 0, we define S(αX , LX ) to be the set of all
univariate densities f satisfying

∫∞
−∞ |ϕ f (t)|2(1 + t2)αX dt ≤ LX , where ϕ f (t) :=

∫∞
−∞ f (x)eit xdx , t ∈ R.

The class S(αX , LX ) contains many usual univariate densities, e.g. the Gamma, Gaus-
sian, Cauchy densities and many others. The parameter αX represents smoothness
degree for elements in this class. If αX > 1/2, then elements of the class are bounded
continuous on R; moreover, they have derivatives up to order �, in which � is the
largest integer number satisfying � < αX − 1/2. The class is usually referred to as a
Sobolev class of univariate densities.

Remark 2 If fX ∈ S(αX , LX ) with αX > −1/2 and LX > 0, then the condition (3.1)
becomes evidently. This follows from the fact that, for any r > 0,

∫ ∞

r

|ϕX (t)||ϕδ(t)|
t

dt ≤
∫ ∞

r

|ϕX (t)|(1 + t2)αX /2(1 + t2)−αX /2

t
dt

≤
√

LX

2

∫ ∞

r

(1 + t2)−αX

t2
dt < ∞.

For the estimator F̂W ;T , its maximal risk over the class S(αX , LX ) is defined as

R[F̂W ;T ;S(αX , LX )] := sup
fX∈S(αX ,LX )

sup
x∈R

E|F̂W ;T (x) − FW (x)|2.

In the following theorem, we derive some upper bounds on the convergence rate of
R[F̂W ;T ;S(αX , LX )] under some different conditions on ϕδ and ϕε.

Theorem 4.2 Let αX > −1/2, L X > 0 and the assumption (A) hold.

(a) Suppose we have the conditions (3.3) and (3.4); in addition, suppose αX + βε >

1/2. Put

T1 :=
{
n1/(2αX+2βδ+1) ifβε ≤ βδ + 1/2,

n1/(2αX+2βε) ifβε > βδ + 1/2.
(4.1)

Then

R[F̂W ;T1;S(αX , LX )] �

⎧
⎪⎨

⎪⎩

n−1 ifβε < βδ + 1/2,

n−1 ln n ifβε = βδ + 1/2,

n−(2αX+2βδ+1)/(2αX+2βε) ifβε > βδ + 1/2.

(b) Suppose we have the conditions (3.6) and (3.7).

– Consider the case γε < γδ or (γε = γδ , kε ≤ kδ). Put

T2 :=
⎛

⎝
ln n − ((2αX + γδ + 1)/γδ) ln

(
ln n
2kδ

)

2kδ

⎞

⎠

1/γδ

. (4.2)
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Then

R[F̂W ;T2;S(αX , LX )] � n−1.

– Consider the case γε = γδ ≡ γ > 0 and kε > kδ . Put

T3 :=
⎛

⎝
ln n − (2αX/γ ) ln

(
ln n
2kε

)

2kε

⎞

⎠

1/γ

. (4.3)

Then

R[F̂W ;T3;S(αX , LX )] � n−kδ/kε (ln n)−[2αX (1−kδ/kε)+γ+1]/γ .

– Consider the case γε > γδ . Let T4 ≡ T4(n) be the unique positive solution of the
equation

2αX ln T4 + 2kδT
γδ

4 + 2kεT
γε

4 = ln n + ln

(
kδγδ

kεγε

)

. (4.4)

Then

R[F̂W ;T4;S(αX , LX )] � (ln n)−(2αX+γδ+1)/γεe
−2kδ

(
ln n
2kε

)γδ/γε [1+o(1)]
.

(c) Suppose we have the conditions (3.3) and (3.7). Put

T5 :=
⎛

⎝
ln n − ((2αX − γε)/γε) ln

(
ln n
2kε

)

2kε

⎞

⎠

1/γε

. (4.5)

Then

R[F̂W ;T5;S(αX , LX )] � (ln n)−(2αX+2βδ+1)/γε .

(d) Suppose we have the conditions (3.6) and (3.4) (with αX + βε > 1/2). Then for
T2 as in (4.2) we obtain that

R[F̂W ;T2;S(αX , LX )] � n−1.

In Theorem 4.2, all the convergence rates become better when the sample size n is
increased. This is compatible with the mean consistency results stated in Theorems
3.4 and 3.5. The parameter rate O(n−1) is achieved in some cases, including the part
(a) with βε < βδ + 1/2, the part (b) with γε < γδ , or γε = γδ and kε ≤ kδ , and the
part (d). In any other case, all corresponding rates depend on the smoothness degree
αX of the density fX . The rates become faster when αX is larger. Finally, in the parts
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(a) and (c), if there is no presence of the Berkson error δ, i.e. βδ = 0 in (3.3), then we
obtain the same rates as in the setting in which only the classical error model (1.2) is
considered, see, e.g. (Dattner et al. 2011) and (Dattner and Reiser 2013).

Remark 3 In Theorem 4.2, the proposed parameters Ti (i = 1, . . . , 5) are all asymp-
totically optimal. However, since they are all depended on the class parameter αX

which is usually unknown in practice, the resulting estimators are non-adaptive and
cannot be implemented. In fact, this does not pose a serious problem in the parts (b),
(c) and (d) of the theorem. Indeed, all the convergence rates derived in the parts (b),
(c) and (d) are still preserved when we replace Ti (i = 2, . . . , 5) by T̃i , where

T̃2 :=
(
ln n − (ln(ln n))2

2kδ

)1/γδ

, T̃3 :=
(
ln n − (ln(ln n))2

2kε

)1/γ

,

T̃4 is the unique positive solution of the equation: 2kδ T̃
γδ

4 + 2kε T̃
γε

4 = ln n − (ln(ln n))2,

T̃5 :=
(
ln n − (ln(ln n))2

2kε

)1/γε

.

In principle, the parameters kδ , kε, γδ and γε are all known because the functions ϕδ

and ϕε are known exactly. So the parameters T̃i for i = 2, . . . , 5 are fully data-driven.
In other words, we can implement the estimator F̂W ;T with the following selections
of the regularization parameter T :

T =

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

T̃2 under (3.6), (3.7)with γε < γδ or (γε = γδ, kε ≤ kδ),

T̃3 under (3.6), (3.7)with γε = γδ ≡ γ > 0 and kε > kδ,

T̃4 under (3.6), (3.7)with γε > γδ,

T̃5 under (3.3), (3.7),

T̃2 under (3.6), (3.4).

(4.6)

Concerning the case where ϕδ satisfies (3.3) and ϕε satisfies (3.4), we set

T̃1,1 := n1/(2βδ) ifβε ≤ βδ + 1/2.

Then

R[F̂W ;T̃1,1;S(αX , LX )] �
{
n−1 ifβε < βδ + 1/2,

n−1 ln n ifβε = βδ + 1/2.

Thus, the convergence rates in Theorem 4.2(a) are also preserved with βε ≤ βδ +1/2.
So, in the implementation of F̂W ;T , we propose to choose

T = T̃1,1 under the conditions (3.3), (3.4)with βε ≤ βδ + 1/2. (4.7)

Unlike as in the case βε ≤ βδ +1/2, the problem of constructing an adaptive estimate
of T1 in the case βε > βδ + 1/2, say T̃1,2, such that the resulting estimator F̂W ;T̃1,2
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and the estimator F̂W ;T1 have the same convergence rate is in fact very intricate in our
case. This problem is thus left for our future research.

When ϕδ , ϕε satisfy (A) and (3.9), the estimator F̂W ;T can achieve the parameter rate
O(n−1), as shown in the following theorem.

Theorem 4.3 Let αX > −1/2, L X > 0 and the assumptions (A), (3.9) hold. Put

T6 := n1/(2αX+1). (4.8)

Then

R[F̂W ;T6;S(αX , LX )] � n−1.

In the rest of this section, we discuss optimality of our estimation procedure. First, the
convergence rates derived in Theorem 4.3 as well as in the part (a) with βε < βδ +1/2,
the part (b) with γε < γδ , or γε = γδ and kε ≤ kδ , and the part (d) of Theorem 4.2
are of the formO(n−1). As known, the rateO(n−1) is the best rate for nonparametric
estimation procedures. Hence, we conclude that the resulting estimators F̂W ;T are
minimax optimal in order in these cases. In the sequel, the convergence rates in the
part (a) withβε > βδ+1/2 and in the part (c) of Theorem4.2will also be demonstrated
to be optimal. In order to do that, we formulate some lower bounds on the convergence
rate of R[F̂W ;S(αX , LX )], for any possible estimator F̂W of FW based on the data
Y1, . . . ,Yn .

Theorem 4.4 Let F̂W (x; Y1, . . . ,Yn) be an arbitrary estimator of FW (x) based on the
data Y1, . . . ,Yn. Let LX > 0 be large enough and αX > 1/2. Suppose the function
a(t) := Arg{ϕδ(t)} is twice continuously differentiable onRwith |a( j)(t)| ≤ a∗ < ∞,
j = 0, 1, 2.

(a) Suppose that we have (3.4) and that there exists a constant Cε > 0 such that

|ϕ′
ε(t)| ≤ Cε(1 + |t |)−βε , for all t ∈ R. (4.9)

In addition, suppose that there is a constant C̃δ > 0 such that

|ϕδ(t)| ≥ C̃δ(1 + |t |)−βδ , for all t ∈ R. (4.10)

Then we obtain

R[F̂W ;S(αX , LX )] � n−(2αX+2βδ+1)/(2αX+2βε).

(b) Suppose that we have (3.7) and that there exists a constant Dε > 0 such that

|ϕ′
ε(t)| ≤ Dεe

−kε |t |γε
, for all t ∈ R. (4.11)

In addition, suppose that there is a constant D̃δ > 0 such that

|ϕδ(t)| ≥ D̃δe
−kδ |t |γδ

, for all t ∈ R. (4.12)
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Then we obtain

R[F̂W ;S(αX , LX )] � (ln n)−(2αX+1)/γεe
−21+γδ kδ

(
ln n
2kε

)γδ/γε

.

(c) Let the conditions (4.10), (3.7) and (4.11) hold. Then we obtain

R[F̂W ;S(αX , LX )] � (ln n)−(2αX+2βδ+1)/γε .

Remark 4 We have the following conclusions from Theorems 4.2 and 4.4:

(a) Suppose ϕδ satisfies (3.3) and (4.10), and ϕε satisfies (3.4) and (4.9). If βε >

βδ + 1/2, then

inf
F̂W

R[F̂W ;S(αX , LX )] 
 n−(2αX+2βδ+1)/(2αX+2βε).

Son−(2αX+2βδ+1)/(2αX+2βε) is theminimaxoptimal rate of estimators over the class
S(αX , LX ), and F̂W ;T1 is a rate optimal estimator. However, if βε = βδ + 1/2,
then the upper boundO(n−1 ln n) ofR[F̂W ;T1;S(αX , LX )] does not match to the
lower bound O(n−1) of R[F̂W ;S(αX , LX )], and thus the estimator F̂W ;T1 is not
optimal.

(b) Consider the case where ϕδ satisfies (3.3) and (4.10), and ϕε satisfies (3.7) and
(4.11). Then from Theorem 4.2(c) and Theorem 4.4(c) we infer that

inf
F̂W

R[F̂W ;S(αX , LX )] 
 (ln n)−(2αX+2βδ+1)/γε .

Thus, (ln n)−(2αX+2βδ+1)/γε is the minimax optimal rate of estimators over the
class S(αX , LX ), and F̂W ;T5 is also a rate optimal estimator.

5 Numerical examples

In this section, we present several numerical examples to illustrate finite sample per-
formance of the estimator F̂W ;T at (2.5). We also have some numerical comparisons
between the estimator F̂W ;T and another possible estimator of FW . All calculations
are conducted by using the R software.
For numerical tests, we have to compute F̂W ;T (x) in many times. Hence, we need
a robust method to perform this task fastly. Let us describe the method as follows.
Suppose that wewish to compute numerically F̂W ;T (x) on an interest interval [B1, B2]
which covers the support of W . Define A1 := 0, A2 := T ,

v(t) := ϕδ(t)ϕ̂Y (t)

tϕε(t)
, t ∈ [A1, A2],
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and

Iv(x) :=
∫ A2

A1

v(t)e−ixtdt, x ∈ [B1, B2].

Then we rewrite F̂W ;T (x) from (2.5) in the form

F̂W ;T (x) = 1

2
− 1

π
�{Iv(x)}, x ∈ [B1, B2]. (5.1)

Denote δA := A2 − A1, δB := B2 − B1. For a fixed positive integer M > 0 large
enough, we set δt := δA/M , t j := ( j − 1/2)δt + A1 for j = 1, M , δx := δB/M ,
xk := (k − 1/2)δx + B1 for k = 1, M . We then approximate the integral Iv over the
grid {xk}k=1,M as follows:

Iv(xk) ≈ δt

M∑

j=1

v(t j )e
−it j xk = δt

M∑

j=1

v(t j )e
−i( jδt+A1−δt/2)(kδx+B1−δx/2).

For brevity, put α := δtδx/2, Ã1 := A1 − δt/2 and B̃1 := B1 − δx/2. We then derive

Iv(xk) ≈ δt

M∑

j=1

v(t j )e
−i( jδt+ Ã1)(kδx+B̃1)

= δA

M

M∑

j=1

v(t j ) exp

{

−2αi jk − i j
B̃1δA

M
− ik

Ã1δB

M
− i Ã1 B̃1

}

= δA

M
e−i Ã1(B̃1+kδB/M)

M∑

j=1

(
v(t j )e

−i(B̃1δA/M) j
)
e−2αi jk . (5.2)

From (5.1) and (5.2), we obtain for k = 1, M that

F̂W ;T (xk) ≈ 1

2
− 1

π
�
⎧
⎨

⎩
δA

M
e−i Ã1(B̃1+kδB/M)

M∑

j=1

(
v je

−i(B̃1δA/M) j
)
e−2αi jk

⎫
⎬

⎭
.

(5.3)

The approximation (5.3) will be used to calculate F̂W ;T over the point grid {xk}k=1,M .
Next, we present the results of our numerical experiment. We consider the two fol-
lowing examples for the distribution of W :

(E1) W = X + δ, where X has the Gamma distribution with shape parameter 4 and
scale parameter 1/2 and δ is chosen as below.

(E2) W = X + δ, where X = U/
√
8 with U ∼ 0.6L(0, 1) + 0.4L(5, 1)], and δ is

chosen as below. Here L(m, s) denotes the Laplace distribution with location
parameter m and scale parameter s.
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The variable X has unit variance in both examples. When X is as in (E1), we have
ϕ fX (t) = (1 − it/2)−4 with t ∈ R, and so fX ∈ S(αX , LX ) with αX < 7/2 and
LX > 0 large enough. For X as in (E2), we have fX ∈ S(αX , LX ) with αX < 3/2
and LX > 0 large enough.
For each the example, we choose the error variables δ, ε such that the signal ratios
σδ/σX and σε/σX are equal to 0.5, corresponding to 50% noise levels. Herein σX , σδ

and σε are the standard deviations of X , δ and ε, respectively. More concretely, we
consider the four following cases of δ, ε:

(C1) δ ∼ L(0, 1/
√
8) and ε ∼ L(0, 1/

√
8). In that case, ϕδ(t) = ϕε(t) = 8/(t2 + 8),

and hence ϕδ and ϕε satisfy (3.3) and (3.4), respectively, with βδ = βε = 2. In
view of (4.7), we choose T = n1/4.

(C2) δ ∼ L(0, 1/
√
8) and ε ∼ N (0, (1/2)2), i.e. ε has the Gaussian distribution with

mean 0 and variance (1/2)2. Then ϕδ(t) = 8/(t2 + 8) and ϕε(t) = e−t2/8. So ϕδ

satisfy (3.3) with βδ = 2, and ϕε satisfy (3.7) with γε = 2, kε = 1/8. By (4.6),
we choose T = 2

√
ln n − (ln(ln n))2.

(C3) δ ∼ N (0, (1/2)2) and ε ∼ L(0, 1/
√
8). Then ϕδ(t) = e−t2/8 and ϕε(t) =

8/(t2 + 8). Hence, ϕδ satisfy (3.6) with γδ = 2, kδ = 1/8, and ϕε satisfy (3.4)
with βε = 2. By (4.6), we choose T = 2

√
ln n − (ln(ln n))2.

(C4) ε ∼ N (0, (1/2)2) and δ ∼ N (0, (1/2)2). In that case, ϕδ(t) = ϕε(t) = e−t2/8.
Hence, ϕδ satisfy (3.6) with γδ = 2, kδ = 1/8, and ϕε satisfy (3.7) with γε = 2,
kε = 1/8. In this case, by (4.6), we select T = 2

√
ln n − (ln(ln n))2.

As mentioned in Sect. 1, Delaigle (2007) considered the problem of estimating the
density fW of W . The author estimated fW (x) by

f̂ DeW (x) :=
{

1
2π

∫∞
−∞

ϕδ(t)ϕ̂Y (t)
ϕε(t)

e−it xdt ifϕδ/ϕε ∈ L1(R),
1
2π

∫∞
−∞ ϕK (ht) ϕδ(t)ϕ̂Y (t)

ϕε(t)
e−it xdt if ϕδ/ϕε /∈ L1(R),

where K is a kernel with compactly supported and h > 0 is a bandwidth parameter. In
view of the relation FW (x) = ∫ x

−∞ fW (u)du, it is possible to estimate the cdf FW (x)
at every x by the plug-in type of estimator

F̂De
W (x) :=

∫ x

−∞
f̂ DeW (u)du,

called Delaigle type of estimator. We will compare numerically the two estimators
F̂W ;T and F̂De

W . To calculate the estimator F̂De
W , the kernel K is chosen of the form

K (x) := 48 cos(x)

πx4

(

1 − 15

x2

)

− 144 sin(x)

πx5

(

2 − 5

x2

)

.

This kernel has order 2 and been commonly used in deconvolution problems (see, e.g.
Wand (1998), Delaigle and Hall (2006)). It was also used in the numerical simulations
of Delaigle (2007). Its Fourier transform is of the form ϕK (t) = (1 − t2)3I[−1,1](t),
which is supported in [−1, 1]. Herein I[−1,1] denotes the indicator function of [−1, 1].
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Regarding h, in the cases (C1) and (C4),ϕδ/ϕε = 1 /∈ L1(R), sowe choose h = n−1/5,
as suggested in Delaigle (2007), Theorem 3. In the case (C2), ϕδ(t)/ϕε(t) = 8(t2 +
8)−1et

2/8 /∈ L1(R); hence, by Delaigle (2007), Theorem 4, we select h = 1/(2
√
ln n).

For the case (C3), we see that ϕδ/ϕε ∈ L1(R) and thus we do not need to choose any
bandwidth in the computation of F̂De

W .
In each example of X and each case of the errors δ and ε, we obtain the data sample
Y1, . . . ,Yn based on the formula Y j = X j + ε j for j = 1, n, where X1, . . . , Xn are
generated randomly from the distribution of X and ε1, . . . , εn are generated randomly
from the distribution of ε. To have data samples for computing approximately mean
squared errors, the process of generating data sample Y1, . . . ,Yn is replicated in R
times independently. In this experiment, we take R := 500. The data sample in the q-
th repetition is denoted by (Y (q)

1 , . . . ,Y (q)
n ), q = 1, R. Afterwards, the mean squared

errors of F̂W ;T and F̂De
W at x are respectively approximated by so-called empirical

mean squared errors of F̂W ;T and F̂De
W at x , defined respectively as

EMSE(F̂W ;T ; x) := 1

R

R∑

q=1

|F̂W ;T (x; Y (q)
1 , . . . ,Y (q)

n ) − FW (x)|2,

EMSE(F̂De
W ; x) := 1

R

R∑

q=1

|F̂De
W (x; Y (q)

1 , . . . ,Y (q)
n ) − FW (x)|2.

Let M := 300, B1 = −8, B2 = 12 and {xk}k=1,M be the equidistant point grid in
[B1, B2], as mentioned in the first part of this section. In Tables 1 and 2, we report the
values of the maximum empirical mean squared errors maxk=1,M EMSE(F̂W ;T ; xk)
and maxk=1,M EMSE(F̂De

W ; xk) for n = 100 (the left column) and n = 500 (the
right column) and for different scenarios of δ, ε. Note that the last two quantities
are respectively the estimates of the worst mean squared errors supx∈R E|F̂W ;T (x) −
FW (x)|2 and supx∈R E|F̂De

W (x)− FW (x)|2. Observe from the tables that, as expected,
the values of maxk=1,M EMSE(F̂W ;T ; xk) and maxk=1,M EMSE(F̂De

W ; xk) decrease
when the sample sizes n increase. This confirms the convergence of F̂W ;T and F̂De

W .
In order to visualize both numerical estimators and their convergence tendency, in
Figs. 1 and 2, we plot three curves with black, red and blue colors, where the black
curve is the graph of the target cdf FW , the red curve is the graph of F̂W ;T , and the blue
curve is the graph of F̂De

W . From the top to the bottom of each the figure, the left and
right sub-figures are respectively plotted with n = 100 and n = 500. Obviously, the
larger the sample size n is, the closer the curves become. This reflects the convergence
of the estimators F̂W ;T and F̂De

W . In comparison of the two estimators F̂W ;T and F̂De
W ,

we see in Figs. 1 and 2 that the red curves are always better than the blue curves in the
cases (C1), (C2) and (C4); however, in the case (C3) where the estimator F̂De

W does not
contain any regularization parameter, the blue curves are better than the red curves.
These observations are consistent with the numerical results in Tables 1 and 2.
Finally, it seems that the convergence tendency of the numerical estimators in Fig. 1
is shown more clearly than the one in Fig. 2. Also, in each the case of the errors δ and
ε, the values of maxk=1,M EMSE(F̂W ;T ; xk) and maxk=1,M EMSE(F̂De

W ; xk) in Table
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Table 1 The values of
maxk=1,M EMSE(F̂W ;T ; xk )
and maxk=1,M EMSE(F̂De

W ; xk )
when W is as in (E1)

δ, ε n = 100 n = 500
F̂W ;T F̂De

W F̂W ;T F̂De
W

(C1) 0.00281 0.02047 0.00192 0.01115

(C2) 0.00285 0.00822 0.00205 0.00598

(C3) 0.00321 0.00309 0.00250 0.00242

(C4) 0.00321 0.02092 0.00248 0.01140

Table 2 The values of
maxk=1,M EMSE(F̂W ;T ; xk )
and maxk=1,M EMSE(F̂De

W ; xk )
when W is as in (E2)

δ, ε n = 100 n = 500
F̂W ;T F̂De

W F̂W ;T F̂De
W

(C1) 0.00628 0.02187 0.00365 0.01378

(C2) 0.00692 0.01172 0.00478 0.00887

(C3) 0.00696 0.00580 0.00554 0.00488

(C4) 0.00729 0.02225 0.00542 0.01384

1 are respectively smaller than those in Table 2. These observations can be explained
by the fact that the distribution of W in (E1) is smoother than the one in (E2).

6 Proofs

Proof of Lemma 3.1 Using the Fubini theorem and the equality Eϕ̂Y (t) = ϕX (t)ϕε(t)
(for t ∈ R) gives

EF̂W ;T (x) = 1

2
− 1

π

∫ T

0

1

t
�
{

ϕδ(t)Eϕ̂Y (t)

ϕε(t)
e−it x

}

dt

= 1

2
− 1

π

∫ T

0

1

t
�
{
ϕX (t)ϕδ(t)e

−it x
}
dt . (6.1)

It follows from (6.1), (2.2) and the inequality |�{z}| ≤ |z| (for z ∈ C) that

|EF̂W ;T (x) − FW (x)| =
∣
∣
∣
∣
1

π

∫ ∞

T

1

t
� {ϕX (t)ϕδ(t)e

−it x} dt

∣
∣
∣
∣ ≤ 1

π

∫ ∞

T

|ϕX (t)||ϕδ(t)|
t

dt,

and this completes the proof. ��

Proof of Lemma 3.2 First, we rewrite the estimator F̂W ;T (x) in the form

F̂W ;T (x) = 1

2
− 1

nπ

n∑

j=1

Uj,T (x),
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(a)

(b)

(c)

(d)

Fig. 1 The variable W is as in (E1). The left and right sub-figures are plotted with n = 100 and n = 500,
respectively
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(a)

(b)

(c)

(d)

Fig. 2 The variable W is as in (E2). The left and right sub-figures are plotted with n = 100 and n = 500,
respectively
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where

Uj,T (x) :=
∫ T

0

1

t |ϕε(t)|2�
{
ϕε(−t)ϕδ(t)e

it(Y j−x)
}
dt .

Since U1,T (x), . . . ,Un,T (x) are i.i.d. random variables, we obtain

Var F̂W ;T (x) = 1

nπ2 VarU1,T (x) ≤ 1

nπ2E|U1,T (x)|2.

After that using the inequality |u + v|2 ≤ 2|u|2 + 2|v|2 (u, v ∈ R) gives

Var F̂W ;T (x) ≤ 2

π2n
V1 + 2

π2n
V2 (6.2)

with

V1 := E

∣
∣
∣
∣

∫ ω∗

0

1

t |ϕε(t)|2�
{
ϕε(−t)ϕδ(t)e

it(Y1−x)
}
dt

∣
∣
∣
∣

2

,

V2 := E

∣
∣
∣
∣

∫ T

ω∗

1

t |ϕε(t)|2�
{
ϕε(−t)ϕδ(t)e

it(Y1−x)
}
dt

∣
∣
∣
∣

2

.

Here ω∗ is defined by (3.2).
Estimate V1: For all t ∈ (0, ω∗), we have 1− |ϕε(t)|2 ≤ bεtτε ≤ bεω

τε∗ ≤ 1/2, so we
apply the Taylor expansion formula to obtain

1

|ϕε(t)|2 = 1

1 − (1 − |ϕε(t)|2) =
∞∑

k=0

(1 − |ϕε(t)|2)k = 1 +
∞∑

k=1

(1 − |ϕε(t)|2)k .

Thus,

V1 = E

∣
∣
∣
∣
∣

∫ ω∗

0

1

t

(

1 +
∞∑

k=1

(1 − |ϕε(t)|2)k
)

�
{
ϕε(−t)ϕδ(t)e

it(Y1−x)
}
dt

∣
∣
∣
∣
∣

2

.

Once again, applying the inequality |u + v|2 ≤ 2|u|2 + 2|v|2 (u, v ∈ R) gives

V1 ≤ 2V1,1 + 2V1,2

with

V1,1 := E

∣
∣
∣
∣

∫ ω∗

0

1

t
�
{
ϕε(−t)ϕδ(t)e

it(Y1−x)
}
dt

∣
∣
∣
∣

2

,

V1,2 := E

∣
∣
∣
∣
∣

∫ ω∗

0

1

t
�
{
ϕε(−t)ϕδ(t)e

it(Y1−x)
} ∞∑

k=1

(1 − |ϕε(t)|2)kdt
∣
∣
∣
∣
∣

2

.
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Using the Fubini theorem, we get

V1,1 = E

∣
∣
∣
∣

∫ ω∗

0

1

t

(∫ ∞

−∞

∫ ∞

−∞
fε(u) fδ(v) sin(t(Y1 − x − u + v))dudv

)

dt

∣
∣
∣
∣

2

= E

∣
∣
∣
∣

∫ ∞

−∞

∫ ∞

−∞
fε(u) fδ(v)

(∫ ω∗

0

sin(t(Y1 − x − u + v))

t
dt

)

dudv

∣
∣
∣
∣

2

≤ E

(∫ ∞

−∞

∫ ∞

−∞
fε(u) fδ(v)

∣
∣
∣
∣

∫ ω∗

0

sin(t(Y1 − x − u + v))

t
dt

∣
∣
∣
∣ dudv

)2

= E

(∫ ∞

−∞

∫ ∞

−∞
fε(u) fδ(v)

∣
∣
∣
∣
∣

∫ (Y1−x−u+v)ω∗

0

sin(τ )

τ
dτ

∣
∣
∣
∣
∣
dudv

)2

.

By the fact that supa>0

∣
∣
∫ a
0 τ−1 sin(τ )dτ

∣
∣ ≤ 3 (see, e.g. Kawata (1972)), we deduce

V1,1 ≤
(

3
∫ ∞

−∞

∫ ∞

−∞
fε(u) fδ(v)dudv

)2

= 9.

Next, using (A) and the equality
∑∞

k=1 x
k/k = ln[1/(1 − x)] (for 0 < x < 1), we

have

V1,2 ≤
(∫ ω∗

0

1

t

∞∑

k=1

(1 − |ϕε(t)|2)kdt
)2

≤
(∫ ω∗

0

1

t

∞∑

k=1

(bεt
τε )kdt

)2

=
(
1

τε

∞∑

k=1

(bεω
τε∗ )k

k

)2

=
(
1

τε

ln

(
1

1 − bεω
τε∗

))2

≤ ln2 2

τ 2ε
.

From the bounds of V1,1 and V1,2, we obtain

V1 ≤ 18 + 2 ln2 2

τ 2ε
. (6.3)

Estimate V2: By the Fubini theorem,

V2 =
∣
∣
∣
∣
∣
E

∫ T

ω∗

∫ T

ω∗

� {ϕε(−t)ϕδ(t)eit(Y1−x)
}� {ϕε(−s)ϕδ(s)eis(Y1−x)

}

ts|ϕε(t)|2|ϕε(s)|2 dtds

∣
∣
∣
∣
∣

=
∣
∣
∣
∣

∫ T

ω∗

∫ T

ω∗

1

ts|ϕε(t)|2|ϕε(s)|2
(∫ ∞

−∞
A(t, s, y) fY (y)dy

)

dtds

∣
∣
∣
∣

≤
∫ T

ω∗

∫ T

ω∗

1

ts|ϕε(t)|2|ϕε(s)|2
∣
∣
∣
∣

∫ ∞

−∞
A(t, s, y) fY (y)dy

∣
∣
∣
∣ dtds,

where

A(t, s, y) := �
{
ϕε(−t)ϕδ(t)e

it(y−x)
}

�
{
ϕε(−s)ϕδ(s)e

is(y−x)
}

.
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Using the Fubini theoremand the equality sin(a) sin(b) = 2−1[cos(a−b)−cos(a+b)]
with a, b ∈ R, we obtain

A(t, s, y) =
∫ ∞

−∞

∫ ∞

−∞

∫ ∞

−∞

∫ ∞

−∞
fε(u) fδ(v) fε(p) fδ(q) sin[t(y − x − u + v)]

× sin[s(y − x − p + q)]dudvdpdq
= 1

2

∫ ∞

−∞

∫ ∞

−∞

∫ ∞

−∞

∫ ∞

−∞
fε(u) fδ(v) fε(p) fδ(q)

× cos[y(t − s) + x(s − t) − ut + vt + ps − qs]dudvdpdq
− 1

2

∫ ∞

−∞

∫ ∞

−∞

∫ ∞

−∞

∫ ∞

−∞
fε(u) fδ(v) fε(p) fδ(q)

× cos[y(t + s) − x(t + s) − ut + vt − ps + qs]dudvdpdq,

so

∫ ∞

−∞
A(t, s, y) fY (y)dy = 1

2
�{ϕY (t − s)ϕε(−t)ϕδ(t)ϕε(s)ϕδ(−s)ei(s−t)x }

− 1

2
�{ϕY (t + s)ϕε(−t)ϕδ(t)ϕε(−s)ϕδ(s)e

−i(t+s)x },

which yields

∣
∣
∣
∣

∫ ∞

−∞
A(t, s, y) fY (y)dy

∣
∣
∣
∣ ≤ (|ϕY (t + s)| + |ϕY (t − s)|)|ϕε(t)||ϕδ(t)||ϕε(s)||ϕδ(s)|

2
.

Therefore,

V2 ≤ 1

2
(V2,1 + V2,2),

with

V2,1 :=
∫ T

ω∗

∫ T

ω∗

|ϕY (t + s)||ϕδ(t)||ϕδ(s)|
ts|ϕε(t)||ϕε(s)| dtds,

V2,2 :=
∫ T

ω∗

∫ T

ω∗

|ϕY (t − s)||ϕδ(t)||ϕδ(s)|
ts|ϕε(t)||ϕε(s)| dtds.

Using the Cauchy-Schwarz inequality and the Fubini theorem yields

V2,1 ≤
(∫ T

ω∗

∫ T

ω∗

|ϕY (t + s)||ϕδ(t)|2
t2|ϕε(t)|2 dtds ·

∫ T

ω∗

∫ T

ω∗

|ϕY (t + s)||ϕδ(s)|2
s2|ϕε(s)|2 dtds

)1/2

=
(∫ T

ω∗

(∫ T

ω∗
|ϕY (t + s)|ds

) |ϕδ(t)|2
t2|ϕε(t)|2 dt
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·
∫ T

ω∗

(∫ T

ω∗
|ϕY (t + s)|dt

) |ϕδ(s)|2
s2|ϕε(s)|2 ds

)1/2

≤ ‖ϕXϕε‖1
∫ T

ω∗

|ϕδ(t)|2
t2|ϕε(t)|2 dt .

The same bound holds for V2,2. Hence, we derive

V2 ≤ ‖ϕXϕε‖1
∫ T

ω∗

|ϕδ(t)|2
t2|ϕε(t)|2 dt . (6.4)

Finally, combining (6.2) with (6.3) and (6.4) gives the desired result. ��
Lemma 6.1 For 0 < s < 1 < T , we have

∫ T

s

(1 + t)2β

t2
dt ≤

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

1
s ifβ ≤ 0,
22β
s + 22β

1−2β if 0 < β < 1/2,
1
s + ln

( T
s

)
ifβ = 1/2,

22β
s + 22β

2β−1T
2β−1 if β > 1/2.

Proof For brevity, put I := ∫ T
s (1 + t)2β/t2dt . For β ≤ 0, we have

I ≤
∫ T

s

1

t2
dt = 1

s
− 1

T
≤ 1

s
.

For β = 1/2,

I =
∫ T

s

(
1

t2
+ 1

t

)

dt = 1

s
− 1

T
+ ln

(
T

s

)

≤ 1

s
+ ln

(
T

s

)

.

For 0 < β �= 1/2, we have

I =
∫ 1

s

(1 + t)2β

t2
dt +

∫ T

1

(1 + t)2β

t2
dt ≤ 22β

∫ 1

s

1

t2
dt + 22β

∫ T

1
t2β−2dt

≤ 22β

s
+ 22β

2β − 1
(T 2β−1 − 1) ≤

{
22β
s + 22β

2β−1T
2β−1 forβ > 1/2,

22β
s + 22β

1−2β for 0 < β < 1/2.

The lemma is proved. ��
Lemma 6.2 Let A, r > 0. There exists a constant C1 > 0 depending on A, r such that

∫ ∞

M
e−Atr dt ≤ C1M

1−re−AMr
, for any M > 1.
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Proof Consider the case r ≥ 1. Then

∫ ∞

M
e−Atr dt ≤

∫ ∞

M

(
t

M

)r−1

e−Atr dt = −(Ar)−1M1−r
∫ ∞

M
(−Ar)tr−1e−Atr dt

= (Ar)−1M1−re−AMr
.

Next, we consider the case 0 < r < 1. Put Jp := ∫∞
M t−pre−Atr dt , p ≥ 0. Using the

integration by parts gives

Jp = 1

Ar
M1−(p+1)re−AMr + 1 − (p + 1)r

Ar
Jp+1.

Let k be the smallest positive integer number greater than or equal to 1/r . Using the
latter recurrence relation, we can find constants C0,C ′

0 > 0 depending only on A, r
such that

J0 ≤ C0e
−AMr

(M1−r + M1−2r + · · · + M1−(k−1)r ) + C ′
0 Jk−1.

Note that since kr ≥ 1 we have (t/M)kr−1 ≥ 1 for all t ≥ M , and so

Jk−1 =
∫ ∞

M
tr−kre−Atr dt ≤

∫ ∞

M

(
t

M

)kr−1

tr−kre−Atr dt

= M1−kr
∫ ∞

M
tr−1e−Atr dt = (Ar)−1M1−kre−AMr

.

Hence,

J0 ≤ max{C0;C ′
0(Ar)

−1}e−AMr
(M1−r + M1−2r + · · · + M1−(k−1)r + M1−kr )

≤ C1M
1−re−AMr

,

for some constant C1 ≡ C1(A, r) > 0. The lemma is proved. ��
Lemma 6.3 (Comte and Lacour (2013), Lemma 1, page 586) Let A, r > 0 and a ∈ R.
There exists a constant C2 > 0 depending on A, a, r such that

∫ M

0
(1 + t2)aeAt

r
dt ≤ C2M

2a+1−reAM
r
, for any M > 0.

Proof of Theorem 3.4 First, under the assumption (3.1), we apply the Lebesgue domi-
nated convergence theorem to derive limT→∞ IT = 0.
(a) For the conditions (3.3) and (3.4), we have

Jn,T � 1

n

∫ T

ω∗

(1 + t)2(βε−βδ)

t2
dt .
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Applying Lemma 6.1 yields

Jn,T �

⎧
⎪⎨

⎪⎩

n−1 if βε < βδ + 1/2,

n−1 ln T ifβε = βδ + 1/2,

n−1T 2(βε−βδ)−1 ifβε > βδ + 1/2.

Hence, if T satisfies (3.5), then limn→∞ Jn,T = 0 and limn→∞ IT = 0. Combining
these results with Proposition 3.3 gives desired result.
(b) For the conditions (3.6) and (3.7), we have

Jn,T � 1

n

∫ T

ω∗

e2kε tγε −2kδ tγδ

t2
dt .

• Consider the case 0 < γε < γδ . Putψ(t) := kεtγε −kδtγδ , t ∈ (0,∞). It is easy to

verify that the function ψ attains its maximum on (0,∞) at t∗ :=
(
kεγε

kδγδ

)1/(γδ−γε)

.

Thus, Jn,T � n−1e2ψ(t∗)
∫ T
ω∗ t

−2dt � n−1.

• Consider the case γε = γδ ≡ γ > 0. Then Jn,T � n−1
∫ T
ω∗ t

−2e2(kε−kδ)tγ dt . If

kε ≤ kδ , then Jn,T � n−1
∫ T
ω∗ t

−2dt � n−1. If kε > kδ , then

Jn,T � 1

n

∫ T

ω∗
(1 + t2)−1e2(kε−kδ)tγ dt � n−1T−(1+γ )e2(kε−kδ)T γ

,

where we have used Lemma 6.3 in the last estimate.
• Consider the case γε > γδ . Then

Jn,T � 1

n

∫ T

ω∗
(1 + t2)−1e2kε tγε

dt � 1

n
T−(1+γε)e2kεT γε

,

where we have also applied Lemma 6.3. In summarize, we obtain that

Jn,T �

⎧
⎪⎨

⎪⎩

n−1 if γε < γδ or (γε = γδ, kε ≤ kδ),

n−1T−(1+γ )e2(kε−kδ)T γ
if γε = γδ ≡ γ > 0, kε > kδ,

n−1T−(1+γε)e2kεT γε if γε > γδ.

Hence, if T satisfies (3.8), then limn→∞ Jn,T = 0 and limn→∞ IT = 0. Combining
these results with Proposition 3.3 gives desired result.
(c) For the conditions (3.3) and (3.7), we have

Jn,T � 1

n

∫ T

ω∗

(1 + t)−2βδe2kε tγε

t2
dt � 1

n

∫ T

ω∗
(1 + t2)−(βδ+1)e2kε tγε

dt .
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Using Lemma 6.3 yields Jn,T � n−1T−(2βδ+γε+1)e2kεT γε . Hence, if limn→∞ T = ∞
and limn→∞ n−1T−(2βδ+γε+1)e2kεT γε = 0, then limn→∞ Jn,T = 0 and limn→∞ IT =
0. Combining these results with Proposition 3.3 gives desired result.
(d) For the conditions (3.6) and (3.4), we have

Jn,T � 1

n

∫ T

ω∗

e−2kδ tγδ
(1 + t)2βε

t2
dt � 1

n
,

which gives limn→∞ Jn,T = 0. Moreover, if limn→∞ T = ∞, then limn→∞ IT = 0.
Combining these results with Proposition 3.3 gives desired result. ��
Proof of Theorem 3.5 Under the assumption (3.9), we obtain Jn,T � n−1, which
together with Proposition 3.3 to give

sup
x∈R

E|F̂W ;T (x) − FW (x)|2 � I 2T + n−1. (6.5)

Moreover, as shown in the proof of Theorem 3.4, we have limT→∞ IT = 0 under the
assumption (3.1). Therefore, if T depends on n such that limn→∞ T = ∞, then the
estimate (6.5) yields limn→∞ supx∈R E|F̂W ;T (x) − FW (x)|2 = 0. ��
Proof of Theorem 4.2 (a) Suppose fX ∈ S(αX , LX ). Under the condition (3.3), we
have

IT �
∫ ∞

T

|ϕX (t)|(1 + t2)αX /2(1 + t2)−αX /2(1 + t)−βδ

t
dt .

By the Cauchy-Schwarz inequality and the assumption fX ∈ S(αX , LX ),

I 2T �
∫ ∞

T
|ϕX (t)|2(1 + t2)αX dt

∫ ∞

T

(1 + t2)−αX (1 + t)−2βδ

t2
dt � T−(2αX+2βδ+1).

(6.6)

Next, by the condition (3.4), the Cauchy-Schwarz inequality and the assumptions
fX ∈ S(αX , LX ) and αX + βε > 1/2, there exists a positive constant M depending
on LX , αX , βε such that ‖ϕXϕε‖1 ≤ M . From this, the estimate (6.6), the estimate of
Jn,T in the proof of Theorem 3.4(a) and Proposition 3.3, we deduce that

R[F̂W ;T ;S(αX , LX )] �

⎧
⎪⎨

⎪⎩

T−(2αX+2βδ+1) + n−1 ifβε < βδ + 1/2,

T−(2αX+2βδ+1) + n−1 ln T if βε = βδ + 1/2,

T−(2αX+2βδ+1) + n−1T 2(βε−βδ)−1 ifβε > βδ + 1/2.

By choosing T = T1, where T1 is as in (4.1), we obtain the desired result of this part.
(b) Suppose fX ∈ S(αX , LX ). It follows from this assumption, the Cauchy-Schwarz
inequality, the condition (3.6) and Lemma 6.2 that
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I 2T ≤
∫ ∞

T

|ϕX (t)|2(1 + t2)αX

t2(1 + t2)αX
dt ·

∫ ∞

T
|ϕδ(t)|2dt

� T−(2αX+2)
∫ ∞

T
e−2kδ tγδ dt � T−(2αX+γδ+1)e−2kδT γδ

. (6.7)

From (6.7), the estimate of Jn,T in the proof of Theorem 3.4(b) and Proposition 3.3,
we deduce that

R[F̂W ;T ;S(αX , LX )]

�

⎧
⎪⎨

⎪⎩

T−(2αX+γδ+1)e−2kδT γδ + n−1 if γε < γδ or (γε = γδ, kε ≤ kδ),

T−(2αX+γ+1)e−2kδT γ + n−1T−(1+γ )e2(kε−kδ)T γ
if γε = γδ ≡ γ > 0, kε > kδ,

T−(2αX+γδ+1)e−2kδT γδ + n−1T−(1+γε)e2kεT γε if γε > γδ.

Now we distinguish the three following cases:

• Consider the case γε < γδ or (γε = γδ , kε ≤ kδ). Then for T2 as in (4.2) we have

T−(2αX+γδ+1)
2 e−2kδT

γδ
2

� (ln n)−(2αX+γδ+1)/γδ exp

{

−
[

ln n − ((2αX + γδ + 1)/γδ) ln

(
ln n

2kδ

)]}

� n−1,

soR[F̂W ;T2;S(αX , LX )] � n−1.
• Consider the case γε = γδ ≡ γ > 0 and kε > kδ . Then for T3 as in (4.3) we have

T−(2αX+γ+1)
3 e−2kδT

γ
3 � (ln n)−(2αX+γ+1)/γ exp

⎧
⎨

⎩
−2kδ

⎛

⎝
ln n − (2αX/γ ) ln

(
ln n
2kε

)

2kε

⎞

⎠

⎫
⎬

⎭

� n−kδ/kε (ln n)−U/γ ,

with U := 2αX (1 − kδ/kε) + γ + 1 > 0. Moreover,

n−1T−(1+γ )
3 e2(kε−kδ)T

γ
3

� n−1(ln n)−(1+γ )/γ exp

⎧
⎨

⎩
2(kε − kδ)

⎛

⎝
ln n − (2αX/γ ) ln

(
ln n
2kε

)

2kε

⎞

⎠

⎫
⎬

⎭

� n−kδ/kε (ln n)−U/γ .

Therefore, we obtain that R[F̂W ;T3;S(αX , LX )] � n−kδ/kε (ln n)−U/γ .
• Consider the case γε > γδ . First, the existence and uniqueness of the positive
solution T4 in n for the equation (4.4) are verified easily by considering the function

Φ(t) := 2αX ln t + 2kδt
γδ + 2kεt

γε , t > 0.
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Also we have limn→∞ T4 = ∞. Since γε > γδ , we deduce limt→∞ Φ(t)/(2kεtγε ) =
1, so limn→∞ Φ(T4)/(2kεT

γε

4 ) = 1. On the other hand, Φ(T4) = ln n +
ln(kδγδ/(kεγε)). Thus,

lim
n→∞

ln n + ln
(
kδγδ

kεγε

)

2kεT
γε

4

= 1,

which gives

T4 =
(
ln n

2kε

)1/γε

[1 + o(1)].

Note that using (4.4) we have

lim
n→∞

n−1T−(1+γε)
4 e2kεT

γε
4

T−(2αX+γδ+1)
4 e−2kδT

γδ
4

= kδγδ

kεγε

lim
n→∞ T γδ−γε

4 = 0,

so

n−1T−(1+γε)
4 e2kεT

γε
4 � T−(2αX+γδ+1)

4 e−2kδT
γδ
4 .

Thus we obtain

R[F̂W ;T4;S(αX , LX )] � T−(2αX+γδ+1)
4 e−2kδT

γδ
4

� (ln n)−(2αX+γδ+1)/γεe
−2kδ

(
ln n
2kε

)γδ/γε [1+o(1)]
.

(c) Suppose fX ∈ S(αX , LX ). Under this assumption and the condition (3.3), we have
as in the proof of the part (a) that I 2T � T−(2αX+2βδ+1). Moreover, the conditions (3.3),
(3.7) and Lemma 6.3 lead to Jn,T � n−1T−(2βδ+1+γε)e2kεT γε . Combining Proposition
3.3 with the estimates of I 2T and Jn,T , we get that

R[F̂W ;T ;S(αX , LX )] � T−(2αX+2βδ+1) + n−1T−(2βδ+1+γε)e2kεT γε
.

For T5 as in (4.5), we have

T−(2αX+2βδ+1)
5 � (ln n)−(2αX+2βδ+1)/γε ,

n−1T−(2βδ+1+γε)

5 e2kεT
γε
5

� n−1(ln n)−(2βδ+1+γε)/γε exp

{

ln n − ((2αX − γε)/γε) ln

(
ln n

2kε

)}

� (ln n)−(2αX+2βδ+1)/γε .

Thus, R[F̂W ;T5;S(αX , LX )] � (ln n)−(2αX+2βδ+1)/γε .
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(d) Suppose fX ∈ S(αX , LX ). Under this assumption and the condition (3.6), we have
as in the proof of the part (b) that I 2T � T−(2αX+γδ+1)e−2kδT γδ . The conditions (3.4),
(3.6) lead to Jn,T � n−1. Besides, for the assumption αX + βε > 1/2, there exists a
constant M > 0 such that ‖ϕXϕε‖1 ≤ M , for any fX ∈ S(αX , LX ). Combining the
above estimates with Proposition 3.3, we get that

R[F̂W ;T ;S(αX , LX )] � T−(2αX+γδ+1)e−2kδT γδ + n−1,

By the same arguments as in the proof of the part (b) with γε < γδ or (γε = γδ ,
kε ≤ kδ), we obtain the desired result. ��
Proof of Theorem 4.3 Suppose fX ∈ S(αX , LX ). Then it is not hard to verify that I 2T �
T−(2αX+1). Moreover, under the condition (3.9), we have Jn,T � n−1. Combining
these with Proposition 3.3, we get that R[F̂W ;T ;S(αX , LX )] � T−(2αX+1) + n−1.
Therefore, R[F̂W ;T6;S(αX , LX )] � n−1, where T6 is as in (4.8). ��
Proof of Theorem 4.4 Let ρ ≡ ρn > 0, N ≡ Nn > 0 be parameters depending on n
such that limn→∞ ρ = 0, limn→∞ N = ∞ andρ2N 2αX−1 � 1. These parameterswill
be selected later. Let H : R → R be a function satisfying the properties as follows: H
is infinite continuously differentiable onR, H(−t) = −H(t) for any t ∈ R, H(t) ≥ 0
for all t ≥ 0, supp(H) = [−2,−1] ∪ [1, 2], and H (k)(1) = H (k)(2) = 0 for all
k = 0, 1, 2, . . . Define J as the inverse Fourier transform of iHe−iArg{ϕδ(N ·)}, i.e.

J (x) := 1

2π

∫ ∞

−∞
iH(t)e−iArg{ϕδ(Nt)}e−it xdt = 1

π

∫ 2

1
H(t) sin(Arg{ϕδ(Nt)} + t x)dt .

Obviously, the function J is real-valued.
Nextwe set fX ,1(x) := 1/[π(1+x2)], fX ,2(x) := fX ,1(x)+ρ J (Nx), x ∈ R.We now
show that fX ,1, fX ,2 ∈ S(αX , LX ) for large LX > 0 and for large n. First, observe
that fX ,1 is a density with ϕ fX ,1(t) = e−|t |, t ∈ R. For any |x | ≤ 1, we have fX ,1(x) ≥
1/(2π) and |J (Nx)| ≤ 1

π

∫ 2
1 |H(t)|dt , so fX ,2(x) ≥ 1/(2π) − ρ

π

∫ 2
1 |H(t)|dt > 0,

for n large enough. For |x | > 1, using the Fourier inversion formula, we have

|J (Nx)| = 1

2πN

∣
∣
∣
∣

∫ ∞

−∞
ϕJ (t/N )e−it xdt

∣
∣
∣
∣ = 1

2πN

∣
∣
∣
∣

∫ ∞

−∞
H̃N (t)e−it xdt

∣
∣
∣
∣ ,

with H̃N (t) := H(t/N )e−iArg{ϕδ(t)} = H(t/N )e−ia(t). Note that

H̃ ′′
N (t) = 1

N 2 H
′′(t/N )e−ia(t) − 2i

N
H ′(t/N )e−ia(t)a′(t)

− H(t/N )e−ia(t)[a′(t)]2 − iH(t/N )e−ia(t)a′′(t),

which together with the assumption on a(t) gives

|H̃ ′′
N (t)| � 1

N 2 |H ′′(t/N )| + 1

N
|H ′(t/N )| + |H(t/N )|.
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By integration by parts,

|J (Nx)| = 1

2πNx2

∣
∣
∣
∣

∫ ∞

−∞
H̃ ′′
N (t)e−it xdt

∣
∣
∣
∣

� 1

πN (1 + x2)

∫ ∞

−∞

(
1

N 2 |H ′′(t/N )| + 1

N
|H ′(t/N )| + |H(t/N )|

)

dt

� 1

π(1 + x2)
.

Therefore, fX ,2(x) = fX ,1(x) + ρ J (Nx) � 1
π(1+x2)

(1 − ρ) > 0 for large n. Hence,

we have verified the non-negativity of fX ,2. Furthermore, we have
∫∞
−∞ fX ,2(x)dx =

ϕ fX ,2(0) = ϕ fX ,1(0) = 1. In summary, fX ,2 is also a density for large n.
Using the equality ϕJ (N ·)(t) = N−1ϕJ (t/N ) = iN−1H(t/N )e−iArgϕδ(t) and the
inequality |z1 + z2|2 ≤ 2|z1|2 + 2|z2|2 for all z1, z2 ∈ C, we obtain

∫ ∞

−∞
|ϕ fX ,2 (t)|2(1 + t2)αX dt ≤ 2

∫ ∞

−∞
e−2|t |(1 + t2)αX dt + 2ρ2

N

∫ 2

1
|H(t)|2(1 + N 2t2)αX dt

� 1 + ρ2N 2αX−1.

From the latter estimate and the condition ρ2N 2αX−1 � 1, there exists a constant
LX > 0 large enough, independent of n, so that

∫∞
−∞ |ϕ fX ,2(t)|2(1 + t2)αX dt ≤ LX .

Of course, we also have
∫∞
−∞ |ϕ fX ,1(t)|2(1 + t2)αX dt ≤ LX .

Therefore, we conclude that fX ,1, fX ,2 ∈ S(αX , LX ) for large n.
For brevity, we write F̂W (x) to represent F̂W (x; Y1, . . . , Yn). For the densities fX ,1,
fX ,2, we define fW ,� := fX ,� ∗ fδ , FW ,�(x) := ∫ x

−∞ fW ,�(u)du, with � ∈ {1, 2}. Then

R[F̂W ;S(αX , LX )] ≥ 1

2

2∑

�=1

E fX ,�∗ fε |F̂W (0) − FW ,�(0)|2

≥ 1

4
|FW ,2(0) − FW ,1(0)|2Δ, (6.8)

with

Δ :=
∫ ∞

−∞
· · ·
∫ ∞

−∞
min

⎧
⎨

⎩

n∏

j=1

( fX ,1 ∗ fε)(y j );
n∏

j=1

( fX ,2 ∗ fε)(y j )

⎫
⎬

⎭
dy1 · · · dyn .

By the definitions of FW ,1, FW ,2 and the Fourier inversion formula, we have

FW ,2(0) − FW ,1(0) = ρ

∫ 0

−∞
(J (N ·) ∗ fδ)(x)dx

= ρ

2π
lim

a→−∞

∫ 0

a

(∫ ∞

−∞
ϕJ (N ·)(t)ϕδ(t)e

−it xdt

)

dx .
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Using the Fubini theorem and the relation ϕJ (N ·)(t) = iN−1H(t/N )e−iArgϕδ(t) gives

FW ,2(0) − FW ,1(0) = ρ

2π i
lim

a→−∞

∫ ∞

−∞
ϕJ (N ·)(t)ϕδ(t)e

−iArgϕδ(t) e
−ita − 1

t
dt

= ρ

2πN
lim

a→−∞

∫ ∞

−∞
H(t/N )|ϕδ(t)|e

−ita − 1

t
dt .

Note that the function t �→ H(t/N )|ϕδ(t)|
t is in L1(R). Thus, we apply the Riemann-

Lebesgue lemma (see, e.g. Bochner and Chandrasekharan (1949), page 3) to obtain

FW ,2(0) − FW ,1(0) = − ρ

2πN

∫ ∞

−∞
H(t)|ϕδ(Nt)|

t
dt = − ρ

πN

∫ 2

1

H(t)|ϕδ(Nt)|
t

dt .

(6.9)

It follows from (6.8) and (6.9) that

R[F̂W ;S(αX , LX )] ≥ ρ2

4π2N 2

(∫ 2

1

H(t)|ϕδ(Nt)|
t

dt

)2

Δ. (6.10)

For the quantity Δ, we have by the LeCam inequality (see, e.g. Devroye and Lugosi
(2001), page 43) that

Δ ≥ 1

2

(∫ ∞

−∞

√
( fX ,1 ∗ fε)(y)

√
( fX ,2 ∗ fε)(y)dy

)2n

≥ 1

2

(

1 − 1

2

∫ ∞

−∞

[
( fX ,1 ∗ fε)(y) − ( fX ,2 ∗ fε)(y)

]2

( fX ,1 ∗ fε)(y)
dy

)2n

= 1

2

(

1 − 1

2
Q

)2n

with

Q := ρ2
∫ ∞

−∞
[(J (N ·) ∗ fε)(y)]2

( fX ,1 ∗ fε)(y)
dy.

Combining this estimate with (6.10) gives

R[F̂W ;S(αX , LX )] ≥ ρ2

8π2N 2

(∫ 2

1

H(t)|ϕδ(Nt)|
t

dt

)2 (

1 − 1

2
Q

)2n

.

(6.11)

We now bound Q. Fix a constant A > 0 such that
∫ A
−A fε(u)du ≥ 1/2. Then

( fX ,1 ∗ fε)(y) = 1

π

∫ ∞

−∞
fε(u)

1 + (y − u)2
du ≥ 1

π

∫ A

−A

fε(u)

1 + 2y2 + 2u2
du ≥ 1

4π(1 + A2)(1 + y2)
,
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which gives

Q � ρ2
∫ ∞

−∞
(1 + y2)[J (N ·) ∗ fε)(y)]2dy = ρ2(Q1 + Q2), (6.12)

where

Q1 :=
∫ ∞

−∞
|(J (N ·) ∗ fε)(y)|2dy, Q2 :=

∫ ∞

−∞
|y(J (N ·) ∗ fε)(y)|2dy.

Applying the Parseval identity yields

Q1 = 1

2π

∫ ∞

−∞
|ϕJ (N ·)(t)|2|ϕε(t)|2dt = 1

2πN 2

∫ ∞

−∞
|ϕJ (t/N )|2|ϕε(t)|2dt

= 1

2πN

∫ ∞

−∞
|ϕJ (t)|2|ϕε(Nt)|2dt = 1

πN

∫ 2

1
|H(t)|2|ϕε(Nt)|2dt,

Q2 = 1

2π

∫ ∞

−∞
|ϕ′

J (N ·)∗ fε (t)|2dt = 1

2πN 2

∫ ∞

−∞
|[H(t/N )e−ia(t)ϕε(t)]′|2dt

= 1

2πN 2

∫ ∞

−∞

∣
∣
∣
∣
1

N
H ′(t/N )e−ia(t)ϕε(t) − iH(t/N )ϕε(t)e

−ia(t)a′(t)

+H(t/N )e−ia(t)ϕ′
ε(t)

∣
∣
∣
2
dt

� 1

N

∫ 2

1
(|H(t)|2 + |H ′(t)|2)(|ϕε(Nt)|2 + |ϕ′

ε(Nt)|2)dt .

It follows from (6.12) and the estimates of Q1 and Q2 that

Q � ρ2

N

∫ 2

1
(|H(t)|2 + |H ′(t)|2)(|ϕε(Nt)|2 + |ϕ′

ε(Nt)|2)dt . (6.13)

(a) Using (4.9) and the right inequality in (3.4), we obtain from (6.13) that

Q � ρ2

N

∫ 2

1
(|H(t)|2 + |H ′(t)|2)(1 + Nt)−2βεdt � ρ2N−(2βε+1).

Letting N = n1/(2αX+2βε) and ρ = N−(2αX−1)/2 implies Q � 1/n, which together
with (6.11) yields

R[F̂W ;S(αX , LX )] � N−(2αX+1)
(∫ 2

1

H(t)|ϕδ(Nt)|
t

dt

)2

.

Afterwards, using the condition (4.10) yields
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R[F̂W ;S(αX , LX )] � N−(2αX+1)
(∫ 2

1

H(t)(1 + Nt)−βδ

t
dt

)2

� N−(2αX+2βδ+1)

= n−(2αX+2βδ+1)/(2αX+2βε).

(b) Using (4.11) and the right inequality in (3.7), we derive from (6.13) that

Q � ρ2

N

∫ 2

1
(|H(t)|2 + |H ′(t)|2)e−2kε(Nt)γε

dt � ρ2

N
e−2kεNγε

.

Letting N = ((ln n)/(2kε))
1/γε and ρ = N−(2αX−1)/2 gives Q � 1/n, which com-

bines with (6.11) to give

R[F̂W ;S(αX , LX )] � N−(2αX+1)
(∫ 2

1

H(t)|ϕδ(Nt)|
t

dt

)2

.

Afterwards, using the condition (4.12) yields

R[F̂W ;S(αX , LX )] � N−(2αX+1)

(∫ 2

1

H(t)e−kδ(Nt)γδ

t
dt

)2

� N−(2αX+1)e−2kδ(2N )γδ

� (ln n)−(2αX+1)/γεe
−21+γδ kδ

(
ln n
2kε

)γδ/γε

.

(c) From(6.13), (4.11) and the right inequality in (3.7),wederiveQ � ρ2N−1e−2kεNγε .
Letting N = (d ln n)1/γε (for d > 1/(2kε)) and ρ = N (1−2αX )/2 gives Q � 1/n,
which together with (6.11) implies

R[F̂W ;S(αX , LX )] � N−(2αX+1)
(∫ 2

1

H(t)|ϕδ(Nt)|
t

dt

)2

� N−(2αX+2βδ+1)

� (ln n)−(2αX+2βδ+1)/γε ,

where we have used the condition (4.10). ��
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