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Abstract

Let X, Y, W, and ¢ be continuous univariate random variables defined on a probability
space such that Y = X + ¢ and W = X + §. Herein X, § and ¢ are assumed to be
mutually independent. The variables ¢ and § are called classical and Berkson errors,
respectively. Their distributions are known exactly. Suppose we only observe a random
sample Y7, ..., Y, from the distribution of Y. This paper is devoted to a nonparametric
estimation of the unknown cumulative distribution function Fy of W based on the
observations as well as on the distributions of ¢, §. An estimator for Fy depending on
a smoothing parameter is suggested. It is shown to be consistent with respect to the
mean squared error. Under certain regularity assumptions on the densities of X, § and
&, we establish some upper and lower bounds on the convergence rate of the proposed
estimator. Finally, we perform some numerical examples to illustrate our theoretical
results.
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1 Introduction

Let W be a continuous random variable defined on the probability space (£2, F, P)
and distributed with an unknown distribution. Denote by Fy the unknown cumulative
distribution distribution (cdf for short) of W, i.e.

Fw(x):=P(W <x), xelR.

Our interest in this paper is the nonparametric estimation problem of Fy (x). In prac-
tice, there exist some situations in which, instead of observing W, one only observes
a surrogate variable X, related to W via the model

W=X+43. (1.1

Here § is a random error, called a Berkson error. It is assumed to be independent
of X; in addition, its distribution is known exactly. The model (1.1) is plausible in
many situations. For example, in exposure studies, an important problem is to access
the effect of an air pollutant to the residents of a certain city. In that situation, W
can represent as the personal exposure of the residents to the air pollutant. However,
suppose that only X, the concentration of the air pollutant at certain observation stations
in the city, can be measured. Mathematically, W varies randomly around X and can
be expressed as X plus to a random error 8, which reflects the individual variation in
the exposure from the measured exposure. More motivations and explanations of the
model (1.1) can be found in Fuller (1987) and Carroll et al. (2006).

Measurements often contain errors which may be generated from many sources as
measurement devices, or intrinsic difficulty in measuring variables of interest. Hence,
it is more realistic to introduce an observable contaminated version Y of X linked to
X through the model

Y=X+e, (1.2)

where the variable &, assumed to be independent of both X and 4§, reflects an error
when measuring X with an inaccurate measurement device or procedure. We call ¢
a classical error. Similar to the Berkson error §, we also assume that the distribution
of § is fully known. Now let Y1, ..., Y, be a sample of i.i.d. observations taken from
the distribution of Y. Based on the observations as well as the knowledge about the
distributions of § and ¢, we aim to estimate Fy (x) in a nonparametric strategy.
Berkson errors are in nature different from classical errors. In the model (1.1), W
plays the role of an unobserved true variable and X is only a proxy for W. The Berkson
error § is independent of X, but not independent of W. Nevertheless, in the model (1.2),
the classical error ¢ is independent of X, considered as an unobserved true variable.
The model (1.1) was first considered in Berkson (1950). It has attracted less interest
and mainly treated in regression problems with errors-in-variables, see, e.g. Berkson
(1950), Delaigle et al. (2006), Carroll et al. (2009), Delaigle and Meister (2011),
Delaigle (2014). The model (1.2) leads to so-called deconvolution problems for the
density or the cdf of X that have been widely and intensively studied in the statistical
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literature. See, for instance, Carroll and Hall (1988), Stefanski and Carroll (1990), Fan
(1991), Pensky and Vidakovic (1999), Comte et al. (2006), Hall and Meister (2007) for
density estimation context, and Gaffey (1959), Fan (1991), Cordy and Thomas (1997),
Meister (2009), Dattner et al. (2011), Dattner and Reiser (2013), Trong and Phuong
(2019) for cdf estimation context. To the best of our knowledge, however, it seems
that there is very little research referring to the two models simultaneously. In density
estimation context, we refer to Delaigle (2007) and Rimal and Pensky (2019) as a
handful of related works. Delaigle (2007) introduced two nonparametric methods for
estimating the density fy of W and studied some asymptotic properties of proposed
estimators. Rimal and Pensky (2019) considered a nonparametric density estimation
of fw in the case of small Berkson error §. In cdf estimation context, we have not
yet found any related work so far. Therefore, our aim is to fill partially this gap in the
current work.

More concretely, we study the problem of estimating the cdf Fi in some various
cases of the errors 6 and &, where the characteristic function ¢, of ¢ is assumed to be
non-vanishing on the whole real line. Such cases of ¢ are referred to as “standard”
cases of its distribution. In order to build a nonparametric estimator of Fy, we apply
a direct inversion formula for cdf’s as well as nonparametric deconvolution tools. Our
proposed estimator depends only on a regularization parameter and can be viewed as a
generalized version of the estimator for the cdf of X introduced in Dattner et al. (2011),
who only considered the classical error model (1.2). We discuss to the consistency of
the proposed estimator with respect to the mean squared error under certain conditions
on the regularization parameter. After that we establish upper and minimax lower
bounds on the convergence rate of our estimator uniformly over a Sobolev class of the
unknown density of X.

The rest of this paper is structured as follows. In Sect. 2, we first introduce some
notations and then discuss our estimation method of the cdf Fyy . In Section 3, we study
mean consistency of our estimator. In Sect. 4, we establish some upper and minimax
lower bounds on the convergence rate of the proposed estimator. In Sect. 5, we perform
some numerical examples to illustrate our theoretical results. Finally, we present all
proofs in Sect. 6.

2 Notations and the estimator
2.1 Notations

We introduce some notations which will be used later. The characteristic function
of a random variable U is defined by ¢y (f) := E"Y) with r € R and i = —1.
For a complex number z, the notations N{z}, I{z} and Arg{z} stand respectively for
the real part, the imaginary part and the principal argument of z. The notation ||¢||;
denotes the usual L' (R)-norm of a function ¢ € L' (R), i.e. |¢]; := ffooo | (x)|dx.
The convolution of two measurable functions u, v on R is the function (u * v)(x) :=
f fooo u(x — s)v(s)ds. For positive deterministic parameters a, and b, depending on
the sample size n, the notation a, < b, means that there exists a constant ¢ > 0

~
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independent of n and a positive integer ng such that a,, < cb,, for all n > ngy. Also,
we write a, < by, ifa, < b, and b, < a,.

2.2 The estimator
Throughout this paper, the characteristic function ¢, of ¢ is assumed to satisfy
p:(t) #0, forallr € R. 2.1

The assumption (2.1) is standard in deconvolution topics, see, e.g., Fan (1991).
Now we describe our method for estimating Fyy . First, since W is a continuous type
random variable, the cdf Fy is continuous on R and so (see, e.g. Gil-Pelaez (1951))

1

o | )
Fy(x) =5 — ;fo ;3{<pw(l)e_”x}dt- 2.2

1
2

The independence of X, § and ¢ gives that ¢y (r) = ¢x(t)p.(t) and pw (1) =
ox () ps(t), for all + € R. Combining the two last equalities with (2.2) and apply-
ing the assumption (2.1), we derive that

_ L 1oL ferWes®) .
Fy(x) = 5T /(‘) td{ () e }dl‘. (2.3)

In the equation (2.3), only the quantity ¢y (¢) is unknown and thus have to be estimated.
Indeed, with the available data Y1, ..., Y,, we consider the quantity

1 <.
or@®) ==Y i, teR,
Py (1) n;

known as the empirical characteristic function of Y. We see that Egy (1) = ¢y (1),
Vargy (1) — 0 as n — o0; moreover, @y (1) — @y (t) almost surely as n — 00, due
to the strong law of large numbers. Thus, we propose to estimate @y (f) by @y (¢). In
doing so, we then can define a naive estimator of Fy (x) in the form

w1l ey @Oes@) g,
Fiv( = 3 7T/0 td{—%m ¢ }dr. (2.4)

NeverthelesNS, since lim;_, o, ¢ () = 0, the integrand in (2.4) could not be integrable
and hence Fy (x) could not be well-defined. To overcome this, we truncate the inte-
gration domain to obtain the following estimator for Fy (x):

Fooy Lo LTI [@r@es®) i
Fw.r(x) = 7 ;/0 ?\3 {WG }dl 2.5)

Here T > 0 is a suitably chosen parameter according to the sample size n later.
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Remark 1 1If there is no the presence of the Berkson error, i.e. § = 0, then the estimator
ﬁW;T at (2.5) coincides with the estimator introduced in Dattner et al. (2011). Note
that w.T has two minor disadvantages: it may be not a non-decreasing function on R;
in addition, it may take some values outside the interval [0, 1]. However, the second
disadvantage can be corrected easily. Indeed, we can set the correction version

0 iffw;]‘(x) < 0,
Fw,r () = Fw.r(x)  if0 < Fyy.r(x) < 1,
1 if Fy.7(x) > 1.

Iti is ¢ obvious that FW r takes all possible values in [0, 1]. Also, the mean squared error
of FW 7 is smaller than or equal to the one of FW T.

3 Consistency

Our purpose in this section is to study the convergence of the mean squared error
between the estimator fW;T(x) and the target Fy (x), defined by IE|I/5W;T(x) —
Fwy(x) |2, according to the sample size n. Herein the notation [E stands for the math-
ematical expectation with respect to the joint distribution of the random variables
Yi,..., Y.

First, we derive a general bound for the bias of F w.T (x) in the following lemma.

Lemma 3.1 Let the assumption (2.1) hold. In addition, assume that

/°° wa(t)llwa(t)ldt

r

< 00, forsomer > 0. 3.1

Then we obtain for any x € R that

[EFw,r(x) = Fi ()] = l/‘” lexOlles 0] .
) T Jr t

In Lemma 3.1, the upper bound for the bias of F w:T (x) is uniform with respect to x.
Moreover, it decreases to zero when T is increased to the plus infinity.
In order to bound the variance Var Fy .7 (x), we need the following assumption:

(A) There exist positive constants bg, T,, w, such that |, (> = 1 — bt™ for all
t € [0, wg].

Assumption (A) describes behavior of the characteristic function ¢, in a neighborhood
around the point # = 0. It holds for many usual densities, such as Gaussian, Cauchy,
uniform densities and many others. For example, if ¢ has the Gaussian distribution with
mean 0 and variance o2, then ¢, (1) = e_(‘”)z/z, ¢t € R. Then |¢:(1)|> = e= (o0’ >
1 — o022, forall € R, so (A) is satisfied with b, = 02, 7, = 2 and w, > 0. Another
example is the case where ¢ has the uniform distribution on the interval (—a, a),
a > 0. In that case, ¢, is continuously differentiable up to order 2 on R, ¢.(0) = 1,
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¢.(0) =iE(¢) = 0 and ¢} (0) = i2E(e2) = —a?/3; hence, the applying of the Taylor
expansion formula yields

, ( ) ) 292l2
wg(t)=¢8(0)+§08(0)t+ 0 =1- .
for some 0 € (0, 1). This glves |<,08(z‘)|2 >1- 42 9 22 > 1— %, forall € R. Thus,
(A) is also satisfied for b, = a /3, T, =2 and a)g > 0.
In what follows, we set
wy = min{1; w,; (2b,) "1/} (3.2)

whenever the assumption (A) holds. R
The following lemma provides a general upper bound for Var Fyy. 7 (x).

Lemma 3.2 Let the assumptions (2.1) and (A) hold. In addition, suppose ¢x¢. €
L' (R). Then we obtain for any x € R that

21n22 2 T N2
n )+ ||<PX§05||1f s (1)] dr
w.

5 2 . P lee (0]

2
VarFW 7T(x) < — (18+
m? : %n

The upper bound in the latter lemma is also uniform with respect to x. However, it
becomes bigger if T is bigger, unlike the upper bound in Lemma 3.1.
Applying the standard bias-variance decomposition

E|Fw.7(x) — Fw(x)|? = [EFw.7(x) — Fw(x)|> 4 Var Fy.7 (x)

and the results of Lemmas 3.1 and 3.2, we derive the following result.

Proposition 3.3 Let the assumptions (2.1), (A) and (3.1) hold; in addition, x¢. €
LY (R). Then we obtain

F 1 2 2?2\ 2
sup B|Fyy.7 (x) — Fw(x)|> < IT + = (18 + ) n lox el s

YR wln 72 w2

where

00 t f 1 [T N2
I ;=/ lox ()]s ( )|dt, Iy = _/ l%( ) i
T t n Jo, 7@ (0)]

An important criterion to evaluate the quality of an estimation procedure is consistency.
The following theorem establishes the (mean) consistency of the estimator Fy .7 under
some regularity conditions on the functions ¢s and ¢;.

Theorem 3.4 Let the assumptions of Proposition 3.3 hold.
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(a) Suppose that there exist positive constants Cs, Ce, Cs, Bs and B, such that

lps()] < Cs(L+ 1t P, forallt e R, (3.3)
Co(L+ 1t <) < Co(L+ |t) 7P, forallt e R. (3.4

If the parameter T depends on the sample size n such that

lim,o T = 00 if B < Bs+1/2,
lim,— oo T = 00, limysoon ' InT =0 ifBe = Bs +1/2,
lim, oo T = 00, lim,_oon 1 T?B=B)=1 =0 iff, > Bs +1/2,

(3.5)

then

lim sup E|Fy.7(x) — Fy(x)]> = 0.

n—)OOxeR

(b) Suppose that there exist positive constants Ds, Dy, 58, ks, ke, ys and ye such that

lps ()| < Dse 81" forallt € R, (3.6)
Dee ™l < g (0)] < Dee ™" forallr € R. (.7

If the parameter T depends on the sample size n such that

limy, oo T = 00 ifye < ysor (Ye = Vs, ke < ks),
. . 2(ke —k)TY .

lim, 00 T = 00, llm,,_moenT—,fy:O ifve=vs=y > 0,k; > ks,

. . ke TVe .

limy 00 T = 00, limy, ZTI—-H/E =0 ifve > Vs,

(3.8)
then

lim supE|Fw;T(X) — Fy(x)|* = 0.

n—oo xeR

(c) Suppose we have the conditions (3.3) and (3.7). If T depends on n in such a way
that lim,_, oo T = 00 and lim,,_ oo n~ 1T~ CPstretDe2ke T — () thep

lim supE|Fw;T(X) — Fy(x)* = 0.

n—0o0 xeR

(d) Suppose we have the conditions (3.6) and (3.4). If T depends on n such that
lim, 00 T = 00, then

lim supIE|FW;T(X) — Fy(x)* = 0.

n—0o0 xeR
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We have some remarks on the conditions of ¢, ¢s in the latter theorem. First, the con-
ditions (3.4) and (3.7) are stronger than the condition (2.1). The first two conditions
are closely related to the smoothness of the corresponding density f; of ¢. Mathemat-
ically, the smoothness of a density corresponds to the decay rate of its characteristic
function and vice verse. The decay rate becomes faster if the density is smoother. The
characteristic function ¢, from (3.4) has a polynomial decay rate at the infinity, so the
density f; has a finite number of derivaties. While, the decay rate of the function ¢,
from (3.7) is exponential and thus the density f; is infinitely many times differentiable.
Formally, the density f is said to be ordinary smooth of order 8, (respectively, super
smooth of order y;) if it holds (3.4) (respectively, (3.7)). For example, the Gamma
and Laplace densities are ordinary smooth, while the Gaussian, Cauchy, #, logistic
densities as well as finite mixtures of Gaussian densities are super smooth. The termi-
nologies were first introduced by Fan (1991). Note that the conditions (3.4) and (3.7)
are rather standard in nonparametric deconvolution topics, see, e.g. (Meister 2009) and
references therein. Concerning the function ¢;, we see that only the upper bounds on
|ps| are imposed in (3.3) and (3.6). This allows the function ¢s to have some possible
zeros on R, unlike the cases of ¢, where ¢, must be non-vanishing on R.

In view of Theorem 3.4, we realize that in the cases where the density f5 of § is
smoother than the density f., any selection of T with lim,_, o, T = o0 is sufficient
for obtaining a mean consistency result of F w.T. In any other case, the parameter T
must be depended on the smoothness degrees of f5 and f;.

Next, we state a mean consistency result of F w.r when the characteristic functions
©s, e satisfy an integrable condition.

Theorem 3.5 Let the assumptions of Proposition 3.3 hold. In addition, assume that

[e'e) 2
s ()]
/I; Wdt < 00, for some k > 0. (39)

If T depends on n such that lim,_, oo T = 00, then

lim supIE|I?W;T(x) — Fy()|* =0.
I’l—)OOerR

A typical example for the condition (3.9) is the case where sup,. 19 |@s(t)/@:(1)| <
oo, for some g > —1/2. Of course, it is obvious that the condition also includes the
cases: (i) the conditions (3.3) and (3.4) with . < Bs + 1/2; (ii) the conditions (3.6)
and (3.7) with y. < ys, or y. = ys and k. < kg; (iii) the conditions (3.6) and (3.4).

4 Upper and minimax lower bounds
From now on, we focus on establishing convergence rates of the estimator F w:t. To

do that, we need some additional knowledge on the unknown density fx of X. We
introduce the following definition.
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Definition 4.1 For ax > —1/2 and Lx > 0, we define S(ax, Lx) to be the set of all
univariate densities f satisfying ffooo |<pf(t)|2(1 +t%)%xdr < Ly, where er(t) =
[, fx)e™dx, t € R.

The class S(ay, Lx) contains many usual univariate densities, e.g. the Gamma, Gaus-
sian, Cauchy densities and many others. The parameter oy represents smoothness
degree for elements in this class. If ax > 1/2, then elements of the class are bounded
continuous on R; moreover, they have derivatives up to order ¢, in which ¢ is the
largest integer number satisfying £ < ax — 1/2. The class is usually referred to as a
Sobolev class of univariate densities.

Remark 2 1f fx € S(ax, Lx) withax > —1/2 and Lx > 0, then the condition (3.1)
becomes evidently. This follows from the fact that, for any r > 0,

00 o0 2yay /2 2\ —ax /2
/ |¢X(t)ll(p8(t)|dt <f lox (£)|(1 4 2)%x/2(1 4 £2) i

=/ ;
L % (1 412)—ox

< —X/ —( +) dr < o0.
2 J, 12

For the estimator F, w. T, its maximal risk over the class S(ax, Lx) is defined as

RIFw.r; Stax, Lx)l:=  sup  supE|Fy.7(x) — Fw(x)|.
fxES((xx,Lx)xER

In the following theorem, we derive some upper bounds on the convergence rate of
RIFw.r; S(ax, Lx)] under some different conditions on ¢s and ¢,.
Theorem 4.2 Let ax > —1/2, Lx > 0 and the assumption (A) hold.

(a) Suppose we have the conditions (3.3) and (3.4), in addition, suppose ax + Be >
1/2. Put

nl/Qax+2B5+D)  rg < Bs 4172,

T = 4.1
DT et i, > gy 4172, @b
Then
n! ifBe < Bs +1/2,
RIFw.1; Slax, Lx)] < {n"tinn ifBe = Bs + 1/2,
n~Qax+2B+D/Qax+2:)  yrg > By +1/2.
(b) Suppose we have the conditions (3.6) and (3.7).
— Consider the case y. < ys or (Ve = s, ke < ks). Put
1/vs
Inn — (Qax + s + D/vs) In (52)
T = . 4.2)

ks
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Then
RIFw.1y; Slax, Lx)] Sn™ "
— Consider the case y. = ys =y > 0and k. > ks. Put
17y

Inn — Qayx/y)In (12“72')
2k

Ty = 4.3)

Then
R[fW‘Tg; S(ay, Ly)] < nks/ke (In p)~RoaxU—ks/ke)+y+11/y |

— Consider the case y, > vs. Let Ty = T4(n) be the unique positive solution of the
equation

k
Dy InTy +2ksT)® + 2k, T)* = Inn +In (k‘s V‘S) . (4.4)
eVe

Then

- _ Inn vs/ve
RIFwiry: Stax. Ly)] < (nmy~Cextntbiveg2k ()7 11om)

(c) Suppose we have the conditions (3.3) and (3.7). Put

1/ye
Inn — (Qax = 72)/7e) In (52) s
T5 := . .
5 o 4.5)

Then
RIFw,15; S(ax, Lx)] S (nn)~Goxt2htblve,

(d) Suppose we have the conditions (3.6) and (3.4) (with ax + Be > 1/2). Then for
T, as in (4.2) we obtain that

RIFw.1y; Sax, Lx)] <n '

In Theorem 4.2, all the convergence rates become better when the sample size n is
increased. This is compatible with the mean consistency results stated in Theorems
3.4 and 3.5. The parameter rate O(n~") is achieved in some cases, including the part
(a) with B, < Bs + 1/2, the part (b) with y, < ys, or ¥, = ys and k, < ks, and the
part (d). In any other case, all corresponding rates depend on the smoothness degree
ax of the density fx. The rates become faster when «x is larger. Finally, in the parts
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(a) and (c), if there is no presence of the Berkson error §, i.e. 85 = 0 in (3.3), then we
obtain the same rates as in the setting in which only the classical error model (1.2) is
considered, see, e.g. (Dattner et al. 2011) and (Dattner and Reiser 2013).

Remark 3 In Theorem 4.2, the proposed parameters 7; (i = 1, ..., 5) are all asymp-
totically optimal. However, since they are all depended on the class parameter oy
which is usually unknown in practice, the resulting estimators are non-adaptive and
cannot be implemented. In fact, this does not pose a serious problem in the parts (b),
(c) and (d) of the theorem. Indeed, all the convergence rates derived in the parts (b),
(c) and (d) are still preserved when we replace 7; (i = 2, ..., 5) by Ti, where

~ Inn— (n(nn)2\"""  ~ Inn — (n(inn))2\ """
Ho=(————2 ) = (—)
2ks 2k,

?4 is the unique positive solution of the equation: 2k; iyg + 2k, 74” =Inn — (In(In n))z,

~ Inn — (n(inn))2\ /"
Tso= (LR )
ke

In principle, the parameters ks, k¢, ys and y, are all known because the functions ¢s
and ¢, are known exactly. So the parameters T, fori =2,...,5are fully data-driven.
In other words, we can implement the estimator F w.r with the following selections
of the regularization parameter 7':

T» under (3.6), (3.7) with y, < ysor (Y. = vs, ke < ks),
Tz under (3.6), (3.7) withy, = s =y > Oand k. > ks,
T = T4 under(3.6), (3.7) with y, > ys, 4.6)
Ts under (3.3), (3.7),
T> under (3.6), (3.4).

Concerning the case where @5 satisfies (3.3) and ¢, satisfies (3.4), we set
Tiq:=n"/CP) if B, < Bs +1/2.
Then

n~! ifBe < Bs +1/2,

R[Fy.7 : S(ax. Lx)] <
[W,Tl,l (ax, LIS n~llnn iff. =Bs+1/2.

Thus, the convergence rates in Theorem 4.2(a) are also preserved with e < S5 +1/2.
So, in the implementation of Fy .7, we propose to choose

T = 71,1 under the conditions (3.3), (3.4) with 8, < Bs + 1/2. 4.7

Unlike as in the case Bz < Bs + 1/2, the problem of constructing an adaptive estimate
of 71 in the case B > Bs + 1/2, say T1 2, such that the resulting estimator Fy,.7
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and the estimator F\ w., have the same convergence rate is in fact very intricate in our
case. This problem is thus left for our future research.

When ¢, ¢, satisfy (A) and (3.9), the estimator F w.r can achieve the parameter rate
(’)(rf1 ), as shown in the following theorem.

Theorem 4.3 Let ax > —1/2, Lx > 0 and the assumptions (A), (3.9) hold. Put
Tg := n'/Cax+h), (4.8)
Then
RIFw:1s: Slax, L)l Sl

In the rest of this section, we discuss optimality of our estimation procedure. First, the
convergence rates derived in Theorem 4.3 as well as in the part (a) with 8, < Bs+1/2,
the part (b) with y. < ys, or ¥ = ys and k. < ks, and the part (d) of Theorem 4.2
are of the form O(n~"). As known, the rate O(n~!) is the best rate for nonparametric
estimation procedures. Hence, we conclude that the resulting estimators FW;T are
minimax optimal in order in these cases. In the sequel, the convergence rates in the
part (a) with 8, > Bs+1/2 and in the part (c) of Theorem 4.2 will also be demonstrated
to be optimal. In order to do that, we formulate some lower bounds on the convergence
rate of R[f w; S(ax, Lx)], for any possible estimator F w of Fy based on the data
Yi,...,Y,.

Theorem 4.4 Let fw (x; Y1, ..., Yy) be an arbitrary estimator of Fy (x) based on the
data Yy, ...,Y,. Let Ly > 0 be large enough and ax > 1/2. Suppose the function
a(t) := Arg{gs (1)} is twice continuously differentiable on R with |a' (1) < a, < oo,
j=0,1,2

(a) Suppose that we have (3.4) and that there exists a constant Cy; > 0 such that
lpL(1)] < Ce(1 4 [t]) P, forallt € R. (4.9)
In addition, suppose that there is a constant Cs > 0 such that
lps ()| > Cs(1 + 1), forallt € R. (4.10)
Then we obtain
'R[fw; S(ax, Lx)] > n— Qax+2ps+1)/Qax+2p:)
(b) Suppose that we have (3.7) and that there exists a constant Dy > 0 such that
0L ()| < Dee ™™ forail t € R. (4.11)
In addition, suppose that there is a constant Ds > 0 such that

los(t)] = Dse %! forallt € R. 4.12)
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Then we obtain

vs/ve
RIFw: S(ax. Ly)] = (Inn)-Cexh/vee2 hs(82)7
(c) Let the conditions (4.10), (3.7) and (4.11) hold. Then we obtain
RIFw; S(arx, Lx)] 2 (Inp)~Cox 2507y,

Remark 4 We have the following conclusions from Theorems 4.2 and 4.4:

(a) Suppose @5 satisfies (3.3) and (4.10), and ¢, satisfies (3.4) and (4.9). If B, >
Bs + 1/2, then

inR[fW; S(ay, Ly)] = n—Qax+2B5+1)/Qox+2pe)
Fw

Son~Gex+2fs+1)/Qax+2f¢) ig the minimax optimal rate of estimators over the class
S(ay, Lx), and FW 7, 1S a rate optnnal estimator. However, if B, = Bs + 1/2,
then the upper bound (’)(n’] Inn) of R[FW 7,3 S(ax, Lx)] does not match to the
lower bound O(n~!) of R[FW, S(ax, Lx)], and thus the estimator FW 7, is not
optimal.

(b) Consider the case where ¢s satisfies (3.3) and (4.10), and ¢, satisfies (3.7) and
(4.11). Then from Theorem 4.2(c) and Theorem 4.4(c) we infer that

l’I\lfR[fW, S(O{X, Lx)] = (1nn)7(2ax+2ﬂ6+])/ye.
Fy

Thus, (Inn)~@ex+28+D/7 ig the minimax optimal rate of estimators over the
class S(ax, Lx), and Fy,ry is also a rate optimal estimator.

5 Numerical examples

In this section, we present several numerical examples to illustrate finite sample per-
formance of the estimator F\ w:T at (2.5). We also have some numerical comparisons
between the estimator F| w.r and another possible estimator of Fy . All calculations
are conducted by using the R software.

For numerical tests, we have to compute I?W;T(x) in many times. Hence, we need
a robust method to perform this task fastly. Let us describe the method as follows.
Suppose that we wish to compute numerically £ w.T (x) onaninterestinterval [ By, B2]
which covers the support of W. Define A :=0, A> :=T,

vy = POPD A,

19 (1)
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and

Ar )
I,(x) :=/ v(H)e ™dr, x e[By, Bl
A

1

Then we rewrite F w.r (x) from (2.5) in the form

1
;S{IU(X)}, x € [B1, Ba]. (5.1

| =

FW;T(X) =

Denote §4 := A> — Ay, 8p := B> — Bj. For a fixed positive integer M > 0 large
enough, we set &; := 84/M, t; := (j — 1/2)6; + Ay for j = 1, M, §; := ép/M,
xi = (k —1/2)6x + B; fork = 1, M. We then approximate the integral I, over the
grid {xx} k=T a5 follows:

M M
I, (xx) &~ &, Z v(tj)e_i’/""‘ =5 Z v(tj)e_i(j‘st“‘Al_5t/2)(k5x+31_5x/2).
j=1 j=1

For brevity, put « := 6;6,/2, Zl = A1 —6;/2 and El := By — 8, /2. We then derive

M
I, (xp) &~ 8, Z v(tj)e—i(j5t+A1)(k5x+Bl)
j=1

M ~ ~
34 ... ..B1da . Aidp  ~ ~
:M;v(tj)exp{—Zaljk—lj v — ik v —1A1B1}
5 % (B a 5
—iA(Bi+ksg/M —i(B184/M)j\ A—2aijk
— Me iA1(B1+kép/ )Z<U(tj)e i(B18a/ )-’>e aijk (5.2)

j=1
From (5.1) and (5.2), we obtain for k = 1, M that

M

- 1 1 |84 7.3 L : -
Fw.r () ~ 5= ;S MAG—1A1(31+k53/M) Z (vje—1(318A/M)]) o—20ijk
j=1

(5.3)

The approximation (5.3) will be used to calculate 2 w T over the point grid {x; }, _157-
Next, we present the results of our numerical experiment. We consider the two fol-
lowing examples for the distribution of W':

(E1) W = X + 6, where X has the Gamma distribution with shape parameter 4 and
scale parameter 1/2 and § is chosen as below.

(E2) W = X + 8, where X = U/+/8 with U ~ 0.6£(0, 1) + 0.4£(5, 1)], and 8 is
chosen as below. Here L(m, s) denotes the Laplace distribution with location
parameter m and scale parameter s.
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The variable X has unit variance in both examples. When X is as in (E1), we have
o) =1 ~— it/2)’4 with t € R, and so fx € S(ax, Lx) with ax < 7/2 and
Lx > 0 large enough. For X as in (E2), we have fx € S(ax, Lx) with ay < 3/2
and Lx > 0 large enough.

For each the example, we choose the error variables 4, ¢ such that the signal ratios
os/ox and o, /oy are equal to 0.5, corresponding to 50% noise levels. Herein oy, o
and o, are the standard deviations of X, § and ¢, respectively. More concretely, we
consider the four following cases of §, ¢:

(Cl) § ~ L(O, 1/\/§) and ¢ ~ L(0, 1/\/§). In that case, @s(t) = @ (t) = 8/(1‘2 + 8),
and hence @5 and ¢, satisfy (3.3) and (3.4), respectively, with 85 = 8, = 2. In
view of (4.7), we choose T = nl/4.

(C2) § ~ L(0, 1/\/§) and & ~ N (0, (1/2)?), i.e. € has the Gaussian distribution with
mean 0 and variance (1/2)2. Then @s(t) = 8/(t> +8) and ¢, (t) = e~**/3. So gs
satisfy (3.3) with 85 = 2, and ¢, satisfy (3.7) with y, = 2, k, = 1/8. By (4.6),
we choose T = 2y/Inn — (In(Inn))2.

(C3) 8 ~ N(0,(1/2)%) and & ~ L£(0, 1/+/8). Then ¢s(t) = e/% and @.(r) =
8/(1‘2 + 8). Hence, ¢s satisfy (3.6) with ys = 2, ks = 1/8, and ¢, satisfy (3.4)
with B, = 2. By (4.6), we choose T = 2/Inn — (In(Inn))2.

(C4) & ~ N(0, (1/2)%) and § ~ N(0, (1/2)?). In that case, @5 (f) = @ (t) = e~'"/3.
Hence, @5 satisfy (3.6) with y5 = 2, ks = 1/8, and ¢, satisfy (3.7) with y, = 2,
ke = 1/8. In this case, by (4.6), we select T = 2/Inn — (In(Inn))2.

As mentioned in Sect. 1, Delaigle (2007) considered the problem of estimating the
density fw of W. The author estimated fw (x) by

Do) 7 oo P e e it ps/pe € L'(R),
s [ ok (h) BB e ixdrif g5/p. ¢ L'(R),

where K is a kernel with compactly supported and 2 > 0 is a bandwidth parameter. In
view of the relation Fy (x) = f > oo Jw(u)du, it is possible to estimate the cdf Fy (x)
at every x by the plug-in type of estimator

FDe(x) = / TR (u)du,

called Delaigle type of estimator. We will compare numerically the two estimators
Fw.r and F| vl?,e. To calculate the estimator F v]‘),e, the kernel K is chosen of the form

48 cos(x) 15 144 sin(x) 5
X X TX X

This kernel has order 2 and been commonly used in deconvolution problems (see, e.g.
Wand (1998), Delaigle and Hall (20006)). It was also used in the numerical simulations
of Delaigle (2007). Its Fourier transform is of the form ¢k (¢) = (1 — t2)3]I[_1,1](t),
which is supported in [—1, 1]. Herein I 1] denotes the indicator function of [—1, 1].
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Regarding &, in the cases (C1) and (C4), g5 /¢. = 1 ¢ L'(R),sowechooseh = n~1/3,
as suggested in Delaigle (2007), Theorem 3. In the case (C2), @s(1)/@e (t) = 8(t> +
8)lef /8 ¢ L'(R); hence, by Delaigle (2007) Theorem 4, we select 1 = 1/(2/Inn).
For the case (C3), we see that ¢; / Qe € L'(R) and thus we do not need to choose any
bandwidth in the computation of Fy; FDe.

In each example of X and each case of the errors § and ¢, we obtain the data sample
Yy,..., Y, based on the formula Y; = X; +¢; for j = 1, n, where X, ..., X, are
generated randomly from the distribution of X and ¢y, . . ., &, are generated randomly
from the distribution of ¢. To have data samples for computing approximately mean
squared errors, the process of generating data sample Y7, ..., Y, is replicated in R
times independently. In this experiment, we take R := 500. The data sample in the g-
th repetition is denoted by (Y(q) Y9, g =T, R. Afterwards, the mean squared
errors of Fw,T and Fy, FDe at x are respectively approximated by so-called empirical
mean squared errors of F w.r and F| v]‘),e at x, defined respectively as

R
~ 1 ~
EMSE(Fw;7; %) = & > 1 Fwr s 1P, D) = Fy P,
q=1

R
P 1 P
EMSE(FDe; x) = = S IFRe s YD) = Fy @),
g=1

Let M := 300, By = —8, By = 12 and {x;};_7; be the equidistant point grid in
[B1, B>], as mentioned in the first part of this section. In Tables 1 and 2, we report the
values of the maximum empirical mean squared errors max,_ WEMSE(I?W;T; Xk)
and max; _13; EMSE(Fy, FDe. ; xx) for n = 100 (the left column) and n = 500 (the
right column) and for different scenarios of §, ¢. Note that the last two_quantities
are respectively the estimates of the worst mean squared errors sup, g El F w.r(x) —

Fw (x)|? and sup, g ElFyy FDe (x) — Fy (x)]2. Observe from the tables that, as expected,
the values of max; _y 7 EMSE(FW,T, xx) and max; _y 7 EMSE(FDe xr) decrease

when the sample sizes n increase. This confirms the convergence of F w.r and F V]i)/e'
In order to visualize both numerical estimators and their convergence tendency, in
Figs. 1 and 2, we plot three curves with black, red and blue colors, where the black
curve is the graph of the target cdf Fyy, the red curve is the graph of F w.T, and the blue
curve is the graph of Fy FPe. From the top to the bottom of each the figure, the left and
right sub-figures are respectlvely plotted with n = 100 and n = 500. Obviously, the
larger the sample size n is, the closer the curves become. This reflects the convergence
of the estimators F, w;r and Fy; FPe In comparison of the two estimators F w:r and F, De,
we see in Figs. 1 and 2 that the red curves are always better than the blue curves in the
cases (C1), (C2) and (C4); however, in the case (C3) where the estimator F Vl?,e does not
contain any regularization parameter, the blue curves are better than the red curves.
These observations are consistent with the numerical results in Tables 1 and 2.
Finally, it seems that the convergence tendency of the numerical estimators in Fig. 1
is shown more clearly than the one in Fig. 2. Also, in each the case of the errors § and
¢, the values of max,_y7 EMSE(Fy.7: x;) and max,_y 7 EMSE(FDe x¢) in Table
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Table 1 The values of

max, 77 EMSE(Fy.7; x¢) oe P 100 “De = 200 =De
k=1,M o Fw.r Fy Fw.r Fy

and max, _157 EMSE(FL®: x;)

when W is as in (E1) (C1) 0.00281 0.02047 0.00192 0.01115
(C2) 0.00285 0.00822 0.00205 0.00598
(C3) 0.00321 0.00309 0.00250 0.00242
(C4) 0.00321 0.02092 0.00248 0.01140

Table2 The values of s.e = 100 " — 500

maxk:m EMSE(Fw;T; Xk) =~ +De = +De

, T Fw.r F Fw.r FY

and max, _j5; EMSE(FL: x;)

when W is as in (E2) (C1) 0.00628 0.02187 0.00365 0.01378
(C2) 0.00692 0.01172 0.00478 0.00887
(C3) 0.00696 0.00580 0.00554 0.00488
(C4) 0.00729 0.02225 0.00542 0.01384

1 are respectively smaller than those in Table 2. These observations can be explained
by the fact that the distribution of W in (E1) is smoother than the one in (E2).

6 Proofs

Proof of Lemma 3.1 Using the Fubini theorem and the equality E@y (1) = ¢x (t)@: (1)

(fort € R) gives
1 (71 DEGy (1) _.
__/ _Q{fps() (pY()e_”x}dt
4 0 t @ (1)
1
t

<ﬂx(f)§0a (t)e ™ } dr. (6.1)

EFw.r(x) =

[

(ST ST
I
Q=

It follows from (6.1), (2.2) and the inequality |3J{z}| < |z| (for z € C) that

/oo lexOlles I |
T Jr t

-~ 1 1 :
[EFw.r(x) — Fw(x)| = '*/ =3 {oxOgst)e™"* }dr| <
T Jr t
and this completes the proof. O
Proof of Lemma 3.2 First, we rewrite the estimator w.r (x) in the form
P () =+ — — Z Uj.r(x)
X)) ==-— — i T(x),
w.r 2 nm pet i
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Q] — TuecoF 2 ——  TwecoF
- Our estimator - Our estimator
o ®
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o o
o o 7
o o
o o 7
-8 -6 -4 -2 0 2 4 6 8 10 12 -8 -6 -4 -2 0 2 4 6 8 10 12
(a) &, g are in (C1).
< = True CDF < | = True CDF
2 T 2 T
o
o
©
o
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=
o
o
o
<
6 8 10 12
< | — True COF < | True COF.
2 = o, 2 = e
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o o
o o 7
= < |
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o o
o o
o o
o 7 o
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(¢) 6, earein (C3).
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2 T 2 e
o
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@
o
<
<
o
o
<
s

-8 6 -4 -2 0 2 4 6 8 10 12 *‘8 *‘6 -4 -2 0 2 4 6 8 10 12
(d) 8, € are in (C4).

Fig.1 The variable W is as in (E1). The left and right sub-figures are plotted with n = 100 and n = 500,
respectively
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< <
3 3
o o
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(b) 6, € are in (C2).

< — True COF < | — T
«© | «© |
3 3
© ©
o o 7
= | < |
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o~ | ~
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< | < |
3 3
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(€) 8, € are in (C3).
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(d) 6, £ are in (C4).

Fig.2 The variable W is as in (E2). The left and right sub-figures are plotted with n = 100 and n = 500,
respectively
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where
T (¥;—x)
Unr)i= [ s fenpse 0 ar
! o e 17
Since U 7(x), ..., Uy r(x) are i.i.d. random variables, we obtain
1 2

Var Fy, 7 (x) = —VarUl r(x) < _E|U1 7 (x)].

After that using the inequality |u + v]? < 20ul® +2[v]? (u, v € R) gives

2
——W (6.2)

~ 2
VarFy.7(x) < — Vi +
’ 72n 72n

with

V1 =E

)

[oR 1
/0 flpe P e (=gs e X)}dt

E /T; {(p( N (r)e”m*x)}dt
o HpeP ™ 1759

2
Vy =

Here w, is defined by (3.2).
Estimate V;: Forall 7 € (0, wy), we have 1 — |@. (£)|2 < bt™ < bywX < 1/2,s0 we
apply the Taylor expansion formula to obtain

1 oo
1 — o 2k _ g " L~ o, N
PAGIE 1—(1—|¢)E(t)|2) Z( le (£)17) ,;( o OP)
Thus,
Wx 1 00 ,
neE ./o ] (1 +) (- |<0s(t)|2)"> N {(ps(—t)ws(t)eiz(yl—x)} ds
k=1

Once again, applying the inequality |u + v|> < 2|u|> + 2|v|? (u, v € R) gives
Vi <2V +2Vi

with

Wi 1 . 2
Vig=E ‘ f 3 fee =g =0 b ar
0

2
s ) o0
Wiz =B [ 13 {unmoe ™0} S~ oo

k=1
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Using the Fubini theorem, we get

-/w* ! </ / fe(u) fs(u)sin(t(Yy —x —u + v))dudv> dr
0
Wy . 2
_E ‘/ / Fo() f5(v) (/ sint (1 f ut ”))dr) dudv
—o0 J—o0 0

00 OO Wy o . 2
SE(/ f o) f5() / sin(h —x —u +v)) ;, dudv)
—o0 J—0o0 0

1
2
=E</_OO /_Oo fe(u) fs(v) dr dudv) .

By the fact that sup,. an 7! Sin(‘t)d‘t| < 3 (see, e.g. Kawata (1972)), we deduce

00 00 2
Vig < <3[ f fg(u)fa(v)dudv) =0.

Next, using (A) and the equality 21311 x¥/k = In[1/(1 — x)] (for 0 < x < 1), we

have
2 2
R N S R R
Via < /O ;Z(l—wg(m Yar) < fo > e
k=1 k=1

o™k \’ 1 1 2 22
-(Lx ~(In(opr)) =22
Te = k Te 1 —b.wy T

From the bounds of V; 1 and Vj », we obtain

2

V1’1 =K

/(Yl —X—U+V)wx sin(t)
T

21n%2

Vi <18+ 6.3)

&

Estimate V,: By the Fubini theorem,

. / /“ O R NGO O SO
SN t510e ()2 |0e ()2
1 o0
- /w /w 1510 (012 10s () 2 (/_OOA(I’S’y)fY(”dy> drds
T T 1 00
= /w /w 15100 (O Plps )12 /_wA(t’s’y)fY(”dy deds,
where

A5, =3 o000 0 L 3 g (=9)gs ()eF 0]
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Using the Fubini theorem and the equality sin(a) sin(b) = 27 [cos(a—b)—cos(a+b)]
with a, b € R, we obtain

A(z,s,y>=/ / / f o) f50) fo(p) fi(@) sinlt(y — X — u + )]

x sin[s(y —x — p + g)]dudvd pdg

1 [ [o© o0 poo
ZE/, [ [ [ @) f50) fe (P) fo(@)

x cos[y(t —s) +x(s —t) — ut + vt + ps — gs]dudvdpdq

1 [o° [oo poo oo
_5[ /, /, [ Fo@) f50) £o(p) f(@)

x cos[y(t +s) — x(t +s) — ut + vt — ps + gs]dudvdpdq,

SO

/ A(t, s, y) fr(y)dy = Efﬁ{cpy(t — 9)@e (=) @s (1) @e () s (—s)el D%}

1 By
_ Efﬁ{fﬂﬂt + $)@0e (=)@ () @s (—3) @5 (5)e T IHTY
which yields

(ly (t 4+ 9)| + oy (r = 9)DIge (D ]l@s (D ]l@e ()15 (5]
3 :

o0
V A, s, y) fr(y)dy| <
—0o0
Therefore,
1
V) < E(VZI + V22),
with

drds,

Yy, = TfT oy (4 9)l1gs (195 (5)]
oo 10Ol )]

Vg i /T/T oy ¢ = llesOllgs 1,
T o o 110 Ollgs ()]

Using the Cauchy-Schwarz inequality and the Fubini theorem yields

T T 2 T T 2 172
o= ([ [ IO gy [T [ DO,

. o 2o (0 v o 521¢s ()12

(" los (1)]?
- (fw ( o "”Y(t“)'ds) EIPRT o
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T T 2 1/2
l5(s)]
/w (fw lor(@ “”‘”) s2|ws(s>|2ds>

T I 2
@s(1)
< —dr
< ||<ox¢a||1/w* PlorOF

The same bound holds for V; >. Hence, we derive

T 2
s (1)
Vasloxeds [ o 64)
T S, Plee
Finally, combining (6.2) with (6.3) and (6.4) gives the desired result. O

Lemma6.1 For0 <s <1 < T, we have

T 28
141
f U070 <
s t

Proof For brevity, put I := fST(l + t)zﬂ/tzdt. For g < 0, we have

ifp <0,

if0 < B <172,
(Y ifp=1/2,
e K I V)

+
+In

|[\)4|»— |N‘4|»—-
©

s

L 1 1
15/ —2dt:———§—.
s 1 s T ~ s
For g =1/2,

rr1 1 1 1 T 1 T
I = S+-)di=-——+In(—)<-+In(—).
s t t s T s N s

For 0 < B # 1/2, we have

L] 4 )28 T (1 4 )28 1q T
I =/ Ldr+/ Ldz 522/3/ —dr+22f‘/ *P24;
s 12 1 1? 2 1

26 2 24 2ETH forp > 1)2,
< —+ (T - = 228 528
s 28 -1 5+ 12p for0 < B < 1/2.
The lemma is proved. O

Lemma 6.2 Let A, r > 0. There exists a constant C1 > 0 depending on A, r such that

oo .
/ e Mdr <M e M forany M > 1.
M
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Proof Consider the case r > 1. Then

o0 r o0 t ril r o0 r
/ e Adr < / (—) e Adr = —(Ar)‘lMl‘r/ (—Ar) e A" qr
M u \M M

— (Ar)_lMl_re_AMr.

Next, we consider the case 0 < r < 1. Put J, := [;7 t~P"e~4"dr, p > 0. Using the
integration by parts gives

1 _ _ r 1-— (p + 1)}"
Jp= oMM g R

Let k be the smallest positive integer number greater than or equal to 1/r. Using the

latter recurrence relation, we can find constants Co, C; > 0 depending only on A, r
such that

Jo < Coe™ ™M (M + M7 o4 MUTEEDNY 4 O

Note that since kr > 1 we have (1‘/M)k’_1 > 1forallt > M, and so

o0 , o/ \krt ,
/= zf tr—kre—Al dr 5/ (_) tr—kre—At dr
M M \M

o
— Ml—kr/ tr—le—Atrdt — (Ar)—lMl—kre—AMr.
M

Hence,

Jo < max{Co; CH(Ar) e ™M (M= 4 M2 4. 4 k=D ppthny

s r
SC]MI i‘e AM ,

for some constant C; = C{(A, r) > 0. The lemma is proved. O

Lemma 6.3 (Comte and Lacour (2013), Lemma 1, page 586) Let A,r > Oanda € R.
There exists a constant Co > 0 depending on A, a, r such that

M
/ (1 + 2% dr < CM** =AM for any M > 0.
0

Proof of Theorem 3.4 First, under the assumption (3.1), we apply the Lebesgue domi-
nated convergence theorem to derive lim7_, o, IT7 = 0.
(a) For the conditions (3.3) and (3.4), we have

1 T (1 4 1)2B—=5s)
hjg_/ Lilr__m
o t

*
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Applying Lemma 6.1 yields

n~! if Be < Bs +1/2,
Jor Sin'InT if Be = Bs + 1/2,
nIT2Be=P)=1 if g, > Bs+1/2.

Hence, if T satisfies (3.5), then lim, o0 Ju,7 = 0 and lim,, . I7 = 0. Combining
these results with Proposition 3.3 gives desired result.
(b) For the conditions (3.6) and (3.7), we have

1 T eZkgtVS —2kstVs
InT S —/w t—zdt'

%

e Considerthecase 0 < y, < ys. Put ¥ (¢) := ko t¥e —kst”,t € (0, 00). Itis easy to
keye \ 1/ (Vs =ve)
ka)/a) ’

verify that the function v attains its maximum on (0, c0) at £, := (
Thus, J, 7 < n~le?V®) fwT* t72dt <l
e Consider the case y. = ys = ¥ > 0. Then J, 7 < n~! fwT* 1 2e2ke k)t g If

ke < ks.then Ju 7 < n~' [} 172dt S If ke > ks, then

1 T
Jn,T S _/ (1 +t2)—162(k3—k5)1ydt S n—lT—(H-y)eZ(kg—kg)TV’
Wy

where we have used Lemma 6.3 in the last estimate.
e Consider the case y, > ys. Then

I . 1 .
Jn,T 5 _ (1 +t2)—162k8tV dr § _T—(1+y5)eZkETV ,
n

Wy

where we have also applied Lemma 6.3. In summarize, we obtain that

-l if ye < ysor (Ve = ys, ke < ks),
o1 S An T TN Q2Ke—k)TY i ) — o =) > 0, k, > ks,
n T (4ve) o2k T if ye > vs.

Hence, if T satisfies (3.8), then lim, .o Jp,7 = 0 and lim, . I7 = 0. Combining
these results with Proposition 3.3 gives desired result.
(c) For the conditions (3.3) and (3.7), we have

1 T 1 ¢ —2Bs 2k t7E 1 T .
ot < _f %dl < _/ a +t2)—(ﬂ5+1)62ksl’/ dr.
nJe t w.

% s+
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Using Lemma 6.3 yields J, 7 < n= ! T~ @Fs+re+De2ke T Hence, if lim,, o0 T = 00
and lim,,_, oo n ! T~ CPs+ret D2k T™ — () then lim,, 00 Jp.7 = Oand lim, o0 I7 =
0. Combining these results with Proposition 3.3 gives desired result.

(d) For the conditions (3.6) and (3.4), we have

1 /<T 672/{5[“5 1+ t)2,3€
w.

1
Ju,T S — 3 dr g -,
t n

5

which gives lim,, . o J,,7 = 0. Moreover, if lim,, o T = 00, then lim, ., IT = 0.
Combining these results with Proposition 3.3 gives desired result. O

Proof of Theorem 3.5 Under the assumption (3.9), we obtain J, 7 < n~!, which
together with Proposition 3.3 to give

sup E| Fyy.7(x) — Fy (0> S 13 +n~". (6.5)
xeR

Moreover, as shown in the proof of Theorem 3.4, we have lim7_, o, I7 = 0 under the
assumption (3.1). Therefore, if T depem/i\s on n such that lim,_,,, T = 00, then the
estimate (6.5) yields lim,_, oo SuUp,cg E|Fw.7(x) — Fw (x)|2 =0. O

Proof of Theorem 4.2 (a) Suppose fx € S(uy, Lx). Under the condition (3.3), we
have

00 (1 t2 ax/2 1 t2 —ax/2 1 t —Bs
ITS/ lox (®)(1 4+ 1) (t-i- ) (1+1) ar.
T

By the Cauchy-Schwarz inequality and the assumption fy € S(ax, Lx),

oo % (1 t2 —ax (] ¢ —28s
I 5/ Igox(t)|2(1+t2)°‘><dtf d+r) t2( +0) dr < 7~ Qext2h+D),
T T

(6.6)

Next, by the condition (3.4), the Cauchy-Schwarz inequality and the assumptions
fx € S(ax, Lx) and ax + B. > 1/2, there exists a positive constant M depending
on Ly, ay, Be such that ||ox¢:|l1 < M. From this, the estimate (6.6), the estimate of
Jy. 1 in the proof of Theorem 3.4(a) and Proposition 3.3, we deduce that

T~ ax 265+ 4 1 if B < Bs +1/2,
RIFw.r; Slax, Lx)] S § T~@ex+264D 4 y=lin T if Be = pBs+1/2,
T~ Cax+2Bs+1) 4 p=172B=F)=1  §f g, > Bs + 1/2.

By choosing T = T1, where T is as in (4.1), we obtain the desired result of this part.
(b) Suppose fx € S(ax, Lx). It follows from this assumption, the Cauchy-Schwarz
inequality, the condition (3.6) and Lemma 6.2 that
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00 2 1 2\ax 00
2 lpx (1)]°(1 + 1) 2
T (1 +17)*x T

oo
< 7t f e gy S TRt RTE L (6)
T

From (6.7), the estimate of J, 7 in the proof of Theorem 3.4(b) and Proposition 3.3,
we deduce that

RIFw.r; S(ax, Lx)]

T-Cextyntle2b T 4yl if ye <y 0r (e = 5, ke < ks),
S T—(Zax+)/+1)e—2k5TV +n—1T_(1+V)ez(ks_k8)Ty ify, =ys =y >0, ks > ks,
T*(Zava}/ngl)e*Zkng +n71T7(1+yg)ezk5Ty5 lf}/g > vs.

Now we distinguish the three following cases:

e Consider the case y, < ys or (Ve = ¥s, ke < ks). Then for T, as in (4.2) we have
T;(Zax +Hys D) 25Ty

1
< (Inn)~ @D/ exp {— [mn — (Qax +ys+1)/yp)In (;%)]} <n
%)

s0 R[Fyw.1,: S(ax, Lx)] Snl.
e Consider the case y, = ys = y > 0 and k; > ks. Then for 73 as in (4.3) we have

Inn — ax/y)In (‘"—")
T37<2ax+y+l)e_2k5T3y < (Inp)~@exHr+D/Y exp i_zks ( 5

2k,
< pks/ke (mn)*U/V’
with U :=2ax (1 — ks/k:) + y + 1 > 0. Moreover,
n—1T3—(1+)/)e2(kg—k5)T3y

Inn — Qax/y)In (12“7")
2,

<n Ynn)~UY exp d 2(ks — ks)
< p~ks/ke (Inn)=Y/7,

Therefore, we obtain that R[fW;T3; S(ax, Lx)] < n—ks/ke (Iln n)=U/v,
e Consider the case y, > ys. First, the existence and uniqueness of the positive
solution 7} in n for the equation (4.4) are verified easily by considering the function

D(t) :=2ax Int + 2kstV® + 2kot7=, t > 0.
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Also we have lim;,_, oo T4 = 00. Since Y, > ys, we deduce lim; o @ (t)/(2kst7¢) =
1, so limy,_ CD(T4)/(2k€T4y8) = 1. On the other hand, &(T) = Inn +
In(ksys/(keye)). Thus,

ksy,
lnn+ln(ﬁ) _

m Y,
n—00 2]%]"4S

3

which gives

Inn\ /7
Ty = (2]{8) [1+o(D].

Note that using (4.4) we have

— Ye
n—l T, (1+Vs)e2kgT4

. ksys . _
lim _ =2 i 7 =,
n— o0 T4*(2Dtx+ya+1)e—2k5T4 keye n—>00

SO

_ —(1 Ye —(2 1 _— Vs
n 1T4 ( +yg)ezkgr4 < T4 Qox+ys+ )e 2%k T,°

Thus we obtain

F - Y
RIFw.1,: Slax, Ly)] < T, Cx0iDe-26T

lnn)ya/ys

< (n n)—(2“x+Vs+l)/yse—2k5(m [1+o(1)]

(¢) Suppose fx € S(ax, Lx). Under this assumption and the condition (3.3), we have
as in the proof of the part (a) that I% < T~ Qax+2f5+1) Moreover, the conditions (3.3),
(3.7)and Lemma 6.3 lead to J,, 7 < n~ ! T~ @P+147v)e2ke T Combining Proposition
3.3 with the estimates of I% and J,, 7, we get that

R[FWT’ S(ax, LX)] < T—(Zax+2ﬁ5+l) +n—1T—(2ﬂ5+l+yg)62kSTV€_

For Ts as in (4.5), we have

T§—(2ax+2ﬂ3+1) 5 (111 n)—(2ax+2;35+1)/]/g i

1 —(2Bs+1 ve
n 1T5 (2Bs+ +Ve)62kgT5

1
S (Inn)TCAFIIYe exp {lnn — (Qax = ¥e)/ye) In (;-;)}
3

< (In n)—(Zle+2,35+1)/Vs.
Thus, R[Fw.7: S(ax, Lx)] < (Inn)~Gex+28+D/r
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(d) Suppose fx € S(ax, Lx). Under this assumption and the condition (3.6), we have
as in the proof of the part (b) that 12 < T~ ax+%+De=2kT" The conditions (3.4),
(3.6)lead to J, 7 < n~!. Besides, for the assumption oy + Bz > 1/2, there exists a
constant M > 0 such that |px¢.|l; < M, for any fx € S(ax, Lx). Combining the
above estimates with Proposition 3.3, we get that

R[Fw.7: S(ax, Lx)] S T~OaxFrstDe=2kT7 4 =1,

By the same arguments as in the proof of the part (b) with y. < ys or (y: = vs,
ke < ks), we obtain the desired result. O

Proof of Theorem 4.3 Suppose fx € S(ax, Lx). Thenitis not hard to verify that /7 z <
T—Q@ex+D Moreover, under the condition (3 9), we have J, r S n -1 Combmmg
these with Propos1t10n 3.3, we get that R[FW 7;S(ax, Lx)] S T~ Qax+1) +n L

Therefore, ’R[FW 15 Slax, Lx)] Sn~ 1 where Tg is as in (4. 8) O

Proof of Theorem 4.4 Let p = p, > 0, N = N, > 0 be parameters depending on n
such thatlim,_, o p = 0,lim,_, oo N = oo and ,02N 2ax—1 < 1. These parameters will
be selected later. Let H : R — R be a function satisfying the properties as follows: H
is infinite continuously differentiable on R, H(—t) = —H (¢t) foranyt € R, H(t) > 0
for all t > 0, supp(H) = [-2,—1]U[1,2], and H® (1) = H®(2) = 0 for all
k=0,1,2,...Define J as the inverse Fourier transform of i He ~iArgles(NI} j e

1 [ . . 1 (2
J(x) = — f iH (t)e Arles (WD} g—itx gy — — / H (1) sin(Arg{gs(N1)} + tx)dr.
27 J_ o T Ji

Obviously, the function J is real-valued.

Nextweset fx 1(x) 1= 1/[7r(1+x2)],fx,2(x) = fx.1(x)+pJ(Nx),x € R. Wenow
show that fx 1, fx2 € S(ax, Lx) for large Lx > 0 and for large n. First, observe
that fx 1 isadensity with gy, | (1) = e "l t € R. For any x| < 1, wehave fx 1(x) >
1/@r) and |J(N0)| < L [PIH@)dz, 50 fx2(0) = 1/@) = £ [FIH@®)dr > 0,
for n large enough. For [x| > 1, using the Fourier inversion formula, we have

IJ(INX)| = 53— ‘/ @y (t/N)e ™"dr| =

o0 ~ 't
Hy(®)e " dt|,
2N ‘/_m o

with Hy (t) := H(t/N)e Aeles®} = H (¢ /N)e~ 10 Note that

HI/\//(t) = mH”(l‘/]\])e—lﬂ(l‘) _ NIH/(I/N)e ia(t) /(t)

— H(t/N)e*lu(f)[a/(t)]Z _ iH(t/N)efla(t) //(t)

which together with the assumption on a(t) gives
7/ 1 " 1 l
|Hy ()] S W'H (t/N)| + ﬁlH (t/N)|+ [H(/N)|.
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By integration by parts,

1 © .
VD)) = 5 ‘ f Hyy(oe " dr

< " ol

~ nN(1+x2)/ <N2|H (t/N)| + |H(I/N)|+|H(t/N)|)
P

~ ol +x?)

Therefore, fx2(x) = fx.1(x) + pJ(Nx) 2 71(1+x2)(1 p) > 0 for large n. Hence,
we have verified the non-negativity of fx ». Furthermore, we have f fooo Sx20(x)dx =
®1x2(0) =@y, (0) = 1. In summary, fx > is also a density for large n.

Using the equality ¢jn.)(t) = N=lg;(t/N) = iN“'H(t/N)e 1A12¢5(®) and the
inequality |z1 + z2|> < 2|z11> + 2|z2|? for all z;, z» € C, we obtain

o [e¢]
[ tenewpas a2
—00

—00

2p2 2
e 21 + 2y dr + 7/ [H(0)*(1 + N2t dr
1

ST+ p2NZx—T,

From the latter estimate and the condition ,02N 2ax—1 < 1, there exists a constant
Ly > 0 large enough, independent of n, so that ffooo |¢fx,z(’)|2(1 +r2)exds < Ly.
Of course, we also have ffooo 1© x4 (t)|2(1 +3)exdr < Ly.

Therefore, we conclude that fx 1, fx.2 € S(ax, Lx) for large n.

For brevity, we write I?W (x) to represent I?W (x; Y1,...,Yy). For the densities fx i,
fX,Z, we define fW’g = fX,[ * f(s, FW’g(x) = ffoo fw,g(u)du, with £ € {l, 2}. Then

2

~ 1 ~
RIFw: Sx, L)l = 5 3 B inpe | Fw (0) = Fiy (O
=1
1
> 2 1Fw20) = Fw 1(0)°4, (6.8)

with
A::/ / min l—[(fX,l*fs)(yj)§l—[(fx,z*fa)(yj) dy - dy,
—00 — 0 joi B

By the definitions of Fy 1, Fw 2 and the Fourier inversion formula, we have

0
Fw2(0) — Fw,1(0) = P/ (J(N-) * fs)(x)dx

—00

0 0 oo )
=5— lim ( / ww‘)(t)wa(t)e“”‘dt) dx.

27T a——00 a
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Using the Fubini theorem and the relation ¢y (t) = iN “VH(1/N)e 1AEes () gives

00 —ita __ 1

1Y . B e
Fw20) — Fy1(0) = z— lim (ﬂJ(N.)(t)gDa(t)e iagpsn€ " — 1
2 JT1 a——00 "
e—ita _
~ 27N allmoo/ H(f/N)Isoa(t)l ——dr.

Note that the function ¢ +— is in L' (R). Thus, we apply the Riemann-
Lebesgue lemma (see, e.g. Bochner and Chandrasekharan (1949), page 3) to obtain

H{t/N)lgs (0]
]

* HWIgs(NDI - _sz HOlgs(NDI

Fw2(0) — Fw 1(0) = — p

(6.9)

It follows from (6.8) and (6.9) that

H)lps (N
RIFw: S(ax. L)) = 50 (/ (m%( ly ) A (6.10)

For the quantity A, we have by the LeCam inequality (see, e.g. Devroye and Lugosi
(2001), page 43) that

A

v

1 o0 2n
5 ( / NI ONEY fs)(y)dy>

[e9) _ 2 2n 2n
S [ 2 00) = U2 OO =1<1_1Q)
2 ) (fxa* f))

|
)

with

2 /°° [(J(N) x f) ()T d

=0 T oW

Combining this estimate with (6.10) gives

H N 1 2n
R[FW,S(aX,LX)]_8 - </ (t)|</)5( Dly ) (1_§Q> ‘

(6.11)
We now bound Q. Fix a constant A > 0 such that f_AA fe(u)du > 1/2. Then
R R OO N | few) 1
Frix100) = o /W T o™ /A 122 122 7 Gl T AD (D)
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which gives

05 p2/ (L+yDII(N) * f) 1Py = p*(Q1 + 02), (6.12)

where
o0

Q1 1=/ [(J(N-)* fd0Pdy, 02 :=/ V(T (N2 * fo)(0)[Pdy.

—00 —00

Applying the Parseval identity yields

1 00 ) 5 1 [es) 5 ,
0= f_m l@s vy (D1 (0] 2nN2/oo"‘”“/ YPlge ()]

1 o 2 2 1 2 2 2
= — t NH)|“dt = — H(t Nt)|~dt,
7N /_OO l0s (D e (N1)] NN/I [H ()| e (N1)]

1 [ L —i
Q2= E/ 1y, (O = 2n1v2/ ILH (t/N)e "Dy ()] Pd
—0 0

1
T 27 N2

0o 1 » . .
[ ‘NH/(t/N)e 4O (1) —iH (t/N)ps(1)eDd/ (1)
—00- 2
+H(r/1v)e—1“<’><pg(t)) dr

1 2
Sy /1 (HOP + [H O (g (NDI> + @ (N1)[*)dr.
It follows from (6.12) and the estimates of Q| and Q5 that
,02 2
05 /1 (HOP + [H O (9 (NO* + oL (ND)[H)dt. (6.13)
(a) Using (4.9) and the right inequality in (3.4), we obtain from (6.13) that
pz 2
05y / (H@OP + H' OP)A + Nn~Fdr g p? NTEHFD,
1

Letting N = n!/@ex+26) and p = N~=Cex=D/2 implies Q < 1/n, which together
with (6.11) yields

2 2
R[Fw; S(ax, Lx)] = N~CxtD </ —H(I)|€5(Nt)|dt) )
1

Afterwards, using the condition (4.10) yields
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) _ 2
7HFWnﬂamlmﬂ3>N_m“+”</ fﬁggilﬁ?lﬁm) > N—Qux 28+
> | t >

— p~Qax+2B5+1)/Qax+28:)

(b) Using (4.11) and the right inequality in (3.7), we derive from (6.13) that
,02 2 v ,02 v
QsﬁquwﬁHHmﬁfmm”msﬁfmw.
1

Letting N = ((Inn)/(k)'7 and p = N~Cex=D/2 gives Q < 1/n, which com-
bines with (6.11) to give

2 2
'R[ﬁw; S(ayx, Lx)] > N~ Qax+D) </ w(jj> .
1

Afterwards, using the condition (4.12) yields

—ks(N1)7s

2
'R[Fw;S(Otx, Lx)] > N—Qax+1) (/ L
1

. dl‘) Z N7(2ax+1)672k5(2N)75

_21+y5k5(]nn
t:3

vs/ve
2ke )

> (In n)—(20x+1)/7/se

(c)From (6.13), (4.11) and the right inequality in (3.7), we derive Q < p>N e 2keN™
Letting N = (dInn)'/% (ford > 1/(2k;)) and p = N1722/2 gives Q0 < 1/n,
which together with (6.11) implies

5 2
RI[Fw; S(ax, Lx)] > N~@ax+D </ —H(t)WS(Nt)'dt) > N~ Qox+2h5+D)

> (In n)—(de+2ﬁa+1)/Vs ,

where we have used the condition (4.10). O
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