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PHAN RA QR GIAI HE PHUONG TRINH TUYEN TINH
VA MO HINH INPUT-OUTPUT CUA LEONTIEF
TRONG PHAN TIiCH KINH TE

QR DIFFERENCE SOLUTIONS SYSTEM OF LINEAR EQUATIONS
AND MODELS LEONTIEF'S INPUT-OUTPUT IN ECONOMIC ANALYSIS

NGUYEN VAN LOC®

TOM TAT: Bai viét trinh bay cdich sir dung OR decomposition gidi cdc dang hé phwong trinh

tuyén tinh tong qudt va mé hinh Input-Output ciia Leontief trong phdn tich kinh té.
Tir khoa: phan rd ma trgn QR; mo hinh Input-Output.

ABSTRACT: This paper presents how to use QR decomposition to solve general linear systems of
equations and Leontief's Input-Output model in economic analysis.
Key words: QR matrix decomposition; Input-Output model.

1. PAT VAN PE

Khi xir 1y thong tin vé cac mé hinh kinh té
ciia cic qudc gia biéu dién dudi dang hé
phuong trinh tuyén tinh v&i hang trim 4n c6 ma
tran hé s cdp mxn,m=n, st dung phuong
phap Gauss dé giai khong kha thi. Dé giai
quyét kho khin ndy, mot trong cac phuong
phap 1a sir dung phan ra QR, tach ma tran hé s6
thanh cac phan don gian hon két hop véi
phuong phap 1ap trinh.
2. NOI DUNG
2.1. QR decomposition bing phwong phap
lap trinh

Phan ra QR danh cho ma tran mxn
(khong gid1 han ¢ ma tran vudng), n6 phan tach
ma tran thanh cac thanh phan Q va R.

Cong thtrc: A = Q.R hodac A =QR

Véi A 13 ma tran mudn phan rd con: thira
sO Q & My (Q-factor): gdm cac cot true chuan
(Orthonormal Columns) c6 kich thuéc mxm:
Q" .Q=1,; thira s6 R € M (R-factor): 1a ma
tran tam gic trén kich thudcmxn JRjj # 0 , kha nghich.

Vi du: Phan ra QR ma tran
2 4 -1 5 =2
ac| ™ 3 B L[5, tr.128]
2 -5 4 1 8
-6 0 7 -3 1

Giai: Sur dung g6i numpy va ham qr()
Entée[1 ]In[1]:  from numpy import array

from scipy.linalg import qr

Entrée [2 ] A =array([[2,4, -1,5,-2],[4,-5,3, -

In[2]: 8,1],12,-5,4,1,8],[-6,0,7,-3, 1]])

Entée[3]:In[3]: #fatorize
Q, R=qr(A)

Entrée[4]In[4]:  print(Q)

Out[ 4]: [[[0.25819889 0.43675975 0.86161696

-0.01380096]
[ 051639778 048814325 0.39284139
-0.58371667]
[[0.25819889 -0.71936899 0.29645219
0.5726759 ]
[ 077459667 0.23122575 0.12412879
0.57543609]]

Entrée [5]: print(R)

In[5]:
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Out[5 ]: [-7.74596669¢+00 -2.32379001¢-+00
8.26236447¢+00 -8.00416558¢+00
-2.58198890e-01]
[ 0.00000000e+00 7.78460018e+00
2.59486673e+00 4.67589846e+00
-6.88538894¢+00]
[ 0.00000000e+00 0.00000000e+00
-2.59896547¢e-15 1.08941954e+00
1.16535373e+00]
[ 0.00000000e+00 0.00000000e+00
0.00000000e+00 3.44709617e+00
4.60072855¢+00]]
2.2. QR decomposition gidi hé¢ phwong trinh
tuyén tinh
Phuong phéap:
AX =B(1)< QRX =B

- {QY -B(2)oY=Q 'B=Q" B
RX =Y (3) & X =RY
vei. Qmxm: B Rman: Rivan:
Q'=Q":e'e=07"Q=1
Thay vi giai hé phwong trinh (1), ta lan luot:
Budce 1: Giai hé phuong trinh (2), tim
Y=Q lB=Q' B
Budc 2: Gidi h¢ phuong trinh (3), tim X,
véi R. - 1a ma tran gia dao.
2.2.1. QR decomposition gidi hé phwong trinh
tuyén tinh Cramer
Vidu 1: Giai h¢ phuong trinh:
2X+3y+11z+5t=2
X+y+5z+2t=1 [4, tr.82]
2X+y+3z2+2t=-3
X+y+3z+4t=-3
Gidi: Str dung g61 numpy va ham qr()
In[1 ] from numpy import array
from scipy.linalg import qr

In[2 | A = array([[2, 3, 11, 5], [1, 1, 5, 2],
[2,1,3,2],[1, 1, 3,4])

In[3 ]: Q,R=qr(A)

In[4 ]: print(Q)

In[5]: print(R)

In[ 6]: C=Q.T
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In[7 ] import numpy as np
b = np.array([[2],[1],[-3], [-3]])
In[ 8] Y = C.dot(b)
In[9 ] from numpy.linalg import pinv
K = pinv(R)
In[10 ]: X =K.dot(Y)
X
Out[10]: array([[-2.00000000e+00],

[-7.10542736e-15],
[ 1.00000000e+00],
[-1.00000000e+00]])
Nghiém ctia h¢ phuong trinh l: {x =2.00000000e+00,
y={-7.10542736¢-15,z=1.00000000e+00£00000000e+00}
Vi du 2: Giai hé phuong trinh:
2X+y+4z+8t=-1
4x+3y—-67+2t=3 14 1r.82]
3x-2y+2z-2t=8
2X—-y+2z=4
Dap s6: Nghiém cta hé phuong trinh 1a: {x
=2,y=3,z=-3/2,t=1/2}
2.2.2. QR decomposition gidai hé phwong trinh
tuyén tinh c6 sé phwong trinh lén hon sé in
Vi du 1: Giai hé phuong trinh:
X+2y+3z+1=3
X+4y=52+2t=2
2X+9y+8z2+3t=7
3X+7y+7z+2t=12
5Xx+7y+9z+2t=20

[4, tr.101]

Giai: Sur dung g61i numpy va ham qr()

Entrée [1]: from numpy import array

In[1]: from scipy.linalg import qr
Entrée [2 ]: A = array([[1, 2, 3, 1], [1, 4, 5, 2],
In[2]: [2,9,8,3],(3,7,7,2],[5,7,9,2]])
Entrée [3 ]: #fatorize

In[3]: Q,R=qr(A)

Entrée [4 ]: print(Q)

In[4]:

Entrée [5]: print(R)

In[5]:

Entrée [6 ]: K =Q.dot(R)

In[6]:

Entrée [7 ]: C=Q.T

In[7]:

Entrée [ 8]: import numpy as np

In[8]: b=np.array([[3], [2], [7], [12], [20]])
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Entrée [ 9]:
In[9]:
Entrée [10 ]:
In[10]:
Entrée [11 ]
In[11]:
Out[11]:

Y = C.dot(b)

from numpy.linalg import pinv
E = pinv(R)
X =E.dot(Y)
print(X)
[[4.11111111]
[ 0.66666667]
[-0.11111111]
[-2.11111111]]

Nghi¢m cua hé phuong trinh la:

{x=4.11111111, y=0.66666667, z=0.11111111,

t=-211111111}

Viduy 2: Giai hé phuong trinh:

8X+6y+5z+2t=21
3X+3y+2z+t=10
4x+2y+3z+t=8 [4 tr.100]
3X+5y+z+t=15
IX+4y+52+2t=18

Pap s6: Nghiém cua hé phuong trinh 1a:
{x=3.00000000e+00, y=-1.33226763¢-15,
z=-5.00000000e+00, t=1.10000000e+01}

2.2.3. QR decomposition gidi hé¢ phwong trinh

tuyén tinh c6 sé phwong trinh it hon sé in

Vidu 1: Giai h¢ phuong trinh:

X+2y+3z-2t+m=4
3x+6y+52—4t+3m=5' [4, tr.100]
X+2y+72—4t+m=11
2X+4y+2z-3t+3m=6

Giai: Stir dung g61i numpy va ham qr()

Entrée [1]:
In[1]:
Entrée [2 ] :
In[2]:
Entrée [ 3] :
In[3]:
Entrée [4 ] :
In[4]:
Entrée [ 5] :
In[5]:
Entrée [6 ] :
In[6]:
Entrée [ 7] :
In[7]:

from numpy import array

from scipy.linalg import qr

A =array([[1, 2, 3,-2, 1], [3, 6, 5, -
4,31,11,2,7,-4,1],[2,4,2,-3,31)
#fatorize

Q,R=qr(A)

print(Q)

print(R)
K =Q.dot(R)

C=Q.T
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Entrée [ 8] : import numpy as np
In[8]: b =np.array([[4], [5], [11], [6]])
Entrée [9 ] : Y = C.dot(b)
In[9]:
Entrée [10]:  from numpy.linalg import pinv
In [10]: E = pinv(R)
Entrée[ 11]: X =E.dot(Y)
In[11]: print(X)
Out[11]: [[-0.9673913 ]

[-1.93478261]
[ 0.33695652]
[-2.82608696]
[2.17391304]]

Nghiém ctia h¢ phuong trinh la: {x =0.9673913,
y=-1.93478261, z=0.33695652, t=-2.82608696,
m=2.17391304}

Vi du 2: Giai h¢ phuong trinh:

2X+7y+3z+t=6
3X+5y+2z+2t=4 - [4,1.99]
OX+4y+z+7t=2

Dap sd: Nghiém cia hé phuong trinh 1a:
{x=([[-0.05714286, y = 0.74285714, z= 0.34285714,
t=[-0.11428571}

2.2.4. QR decomposition gidi hé phwong trinh
tuyén tinh c6 sé phwong trinh bang sé dn
nhwng dinh thirc ma trgn hé sé bang 0
Vi du 1: Giai h¢ phuong trinh:

2X+5y+z+3t=2

4X+6y+3z2+5t=4 [4, tr.102]

Ax+14y+z+7t=4

2X=3y+3z+2t=7

Giai: Sur dung g6i numpy va ham qr()

In[1 ]: from numpy import array
from scipy.linalg import qr

In[ 2]: A =array([[ 2, 5, 1, 3], [4, 6, 3, 5],
(4,14, 1,71, (2, -3, 3, 2]])

In[3 ]: #fatorize
Q. R=qr(A)

In[4 ]: print(Q)

In[5 ]: print(R)

In[ 6]: K =Q.dot(R)

In[ 7]: C=Q.T

In[8 ]: import numpy as np
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b = np.array([[2].[4],[4].[7]])

In[9 ]: array([[2].[4].[4].[71])

In[10]: Y =C.dot(b)

In[11 ]: from numpy.linalg import pinv
E = pinv(R)

In[12]: X =E.dot(Y)
print(X)

Out[12]:  [[-1.69127517]

[-1.62416107]
[-1.4966443 ]
[5. 1l

Nghiém ctia h¢ phuong trinh la: {x=-1.69127517,

y=-1.62416107, z=-1.4966443 t=5}

Vi du 2: Giai h¢ phuong trinh:
3X+2y+5z+4t=3
2X+3y+62+8t=5

X—6y—-9z-20t =-11
4X+y+4z+t=2

Bip s Nghiém cia hé phuong  tinh

1a:{ {x=0.8877551, y=0.63265306, z= [-04 7959184, t=1.}
2.3. QR decomposition giai md hinh kinh té

. [4, tr.102]

Input-Output cua Leontief
2.3.1. Gioi thi¢u mé hinh Input-Output

Xét mot nén kinh té c6 n nganh san xut,
nganh 1,2,3,..,n. Biéu dién luong cAu cua tat ca
cac loai hang héa ¢ dang gid tri, tirc 12 do bang
tién. Tong cdu vé san pham hang hoa cia
nganh i (i = 1, 2, ..., n) dugc xac dinh boi:
X =X, + Xy oot Xyoonn(i =1,2,...,0)..(F). O day:
X, la gia tri san pham cta nganh i ma nganh k
can sir dung cho qué trinh san xuit ciia minh
(gia tri cau trung gian); b la gia tri san pham
ctia nganh i danh cho nhu ciu tiéu dung va xuét
khau (gié tri cau cudi cung). Ky hiéu a, 1a ty
phan chi phi diu vao cua nganh k ddi voi san
phim cua nganh i, tinh boi cong thic:

X; . - o an
a, =%, (i,k=12,.n) Chay 0<a <I, ¢day,

Xk
gia thiét a, 1a c6 dinh d6i véi mdi nganh san

Xuét i, (k=1,2,3,..,n). Nguoi ta con goi &, 1a
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hé s6 chi phi diu vao va ma tran A=(a )n
dugc goi 1a ma tran hé sb chi phi dau vao (hay
ma tran hé sb ky thuat).

<. T T

Dat x =[x x . %] b=t by . by] -

Ta goi X la ma tran téng cau va b 12 ma trin cau
cudi cing. Khi d6, tr dang thic (*), thay
X, =&, .X taco:

Xj =8 X Ta5Xy +...+ 8 Xn +Dy

i=123,..,n

Hay biéu dién dudi dang ma tran:

| 131 42 an x| |
X |81 82 = Bn| %, |k
%] [%n1 %2 ann || *n | [bn ]

< X = AX +b...(**)
2.3.2. Phwong phap giai mé hinh

Tu (**),taco: (I - A)X =b, 6 day I la ma
tran don vi cap n, néu (I-A) khong suy bién thi:
X =(1-A)" b..(#%). Cong thac (***) dugc

goi 1a cong thire tinh ma trén tong ciu. Ma trin
(I - A) dugc goi la ma tran Leontief. Nhu vay,
néu ching ta biét ma tran hé sd ky thuat A va
ma trin cau cudi cung thi s€ xac dinh dugc gia
trj tong cAu cua cac nganh san xuat [1, tr.81].
2.3.3. OR decomposition gidi cdc bai todn rng
dung mé hinh Input-Output

Phuong phap:

Budc 1: Thiét 1ap mo hinh Input-Output,
chuyén dich bai ton tir “ngdn ngir kinh t&”
sang “ngon ngtr Toan hoc”.

Budc 2: Gidi mo hinh Input-Output bang
phuong phap lap trinh.

Budc 3: Chuyén dich két qua bai toan tir
két qua “ngdn ngir 1ap trinh” sang “ngdn ngir
kinh t&”.

Vi du 1: Gia sir trong mét nén kinh té ¢6 5
nganh san xuat: nganh 1, nganh 2, nganh 3,
nganh 4, nganh 5. Biét ma tran hé s6 k¥ thuat la:
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0,2 |
0,2
0,2
0,2
0,1 |

0,3
0,2
0,1
0,2

10,1

0,1
0,3
0,4
0,2
0,1

0,2
0,2
0,3
0,1
0,1

0,1
0,1
0,1
0,1
0,1

Va muc cau cudi cing ddi v6i san pham
cua tung nganh thu tu 1a 30, 40, 50, 70 va 90
(don vi tinh: triéu dollar). Hay xac dinh murc
tong cau cia moi nganh san xuét.

Giai: Budc 1: Thiét lap mo hinh Input-
Output. V61 A 1a ma tran k¥ thuat, I 1a ma tran
don vi, X 1a ma tran tong cau, b 1 ma tran cau
cudi, ta co:

0,3 0,1 0,2 0,1 0,2]

0,2 0,3 0,2 0,1 0,2
A=0,1 0,4 0,3 0,1 0,2;

0,2 0,2 0,1 01 0,2

0,1 0,1 0,1 0,1 0,1

100 0 0] [30] X

01 000 40 X
I=/0 0 1 0 0f;b=[50;X=|X

00010 70 X,

00 0 0 1] [90] Xs

= X =[l —A]_l.b
Buéce 2: Phuong phap 1ap trinh (str dung
g61 numpy va ham qr ())
In[1 ]: from numpy import array
from scipy.linalg import qr

In[2 ]: A = array([[0.3, 0.1, 0.2, 0.1, 0.2],
[0.2, 0.3, 0.2, 0.1, 0.2], [0.1, 0.4, 0.3,
0.1, 0.2],[0.2, 0.2, 0.1, 0.1, 0.2, [0.1,
0.1,0.1,0.1, 0.11)

In[3 ]: I=array([[1, 0, 0, 0, 0], [0, 1, 0, 0, 0], [0,
0,1,0,0],[0,0,0,1,0],[0,0,0,0,1]])

In[4 ]: C=I1-A

In[ 5]: from scipy.linalg import qr
QR =qi(C)

In[6 ]: print(Q)

In[7 ]: print(R)

In[8 from numpy.linalg import pinv
K = pinv(Q)

In[9 | import numpy as np
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b = np.array([[30],[40], [50], [70], [90]])

In[ 10]: Y =K.dot(b)
In[11]:  E=pinv(R)
In[12]: X =E.dot(Y)
X
Out[12]: array([[411.02941176],
[474.90808824],

[545.88439542],
[402.82883987],
[303.8500817 1])
Bude 3: Két luan: Muc tong cau ciia mdi
nganh san xuat:

{x =411.02941176, X, = 474.90808824,

X3 = 545.88439542, Xy = 402.82883987,

Xg = 303.8500817

Vi du 2: Gia sir trong mot nén kinh té c6 6
nganh san xuit: nganh 1, nganh 2, nganh 3,
nganh 4, nganh 5, nganh 6. Biét ma tran hé s6
(0,3 0,1 0,2 0,1 0,2 0,1]
0,2 0,3 0,2 0,1 0,2 0,1
0,1 0,4 0,3 0,1 0,2 0,1
0,2 0,2 0,1 0,1 0,2 0,1
0,1 o1 0,1 0,1 0,1 0,2
10,1 0,1 0,1 0,1 0,1 0,2]

ky thuat la:

Va muc cau cudi cung ddi v6i san pham
cua ting nganh thu ty 1a 30, 40, 50, 60, 70 va
90 (don vi tinh: triéu dollar). Hay x4c dinh mirc
téng cau cua moi nganh san xuét.

Dap sb6: Mirc téng cAu ctia mdi nganh san
xudt la:

X = 1208.26498423, Xy = 1371.79810726,
X3 = 1553.50157729, Xy = 1099.2681388,

X = 853.26182965, X6

3. KET LUAN
St dung QR decomposition két hop véi

=873.26182965

phuong phap lap trinh, giap cho viéc tim ra
nhanh chong két qua 10i giai cac hé phuong
trinh trong cac tinh hudng khac nhau va tng
dung trong giai mo hinh tuyén tinh trong phan
tich kinh té. Diéu d6 cho thay, trong trudong dai
hoc can két hop giang day Toan, lap trinh va
tang cuong tinh ung dung cua sy két hop d6
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trong giai quyét cac van dé kinh té. Qua trinh  ddi v6i chat lugng ngudn nhan lyc tir cac truong
dao tao theo hudng nay sé gitip cho sy dap img  dai hoc.
yéu cdu ngdy cang cao cua thi trudng lao dong
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